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ÀÍÎÒÀÖIß

Ôðåé Ì.Ì. Ñòîõàñòè÷íå äèôåðåíöiþâàííÿ òà âiêiâñüêå ÷èñëåííÿ â

àíàëiçi áiëîãî øóìó Ëåâi. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ

ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòå-

ìàòè÷íèõ íàóê çi ñïåöiàëüíîñòi 01.01.01 � "ìàòåìàòè÷íèé àíàëiç". �

ÄÂÍÇ "Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôà-

íèêà" , Iâàíî-Ôðàíêiâñüê, 2019.

Äèñåðòàöiéíå äîñëiäæåííÿ âiäíîñèòüñÿ äî íåñêií÷åííîâèìiðíîãî àíà-

ëiçó � äîâîëi øèðîêîãî ðîçäiëó ñó÷àñíî¨ ìàòåìàòèêè, ó ÿêîìó âèâ÷àþ-

òüñÿ, çîêðåìà, ðiçíîìàíiòíi ïðîñòîðè ôóíêöié òà óçàãàëüíåíèõ ôóíêöié

íåñêií÷åííî¨ êiëüêîñòi çìiííèõ (òîáòî ôóíêöié òà óçàãàëüíåíèõ ôóíêöié

ç àðãóìåíòàìè ç íåñêií÷åííîâèìiðíèõ ïðîñòîðiâ).

Ãàóññiâñüêèé àíàëiç áiëîãî øóìó, òîáòî àíàëiç íà ïðîñòîðàõ îñíîâ-

íèõ, êâàäðàòè÷íî iíòåãðîâíèõ çà ãàóññiâñüêîþ ìiðîþ i óçàãàëüíåíèõ ôóí-

êöié íåñêií÷åíî¨ êiëüêîñòi çìiííèõ, ìà¹ ÷èñëåííi çàñòîñóâàííÿ ó ñó÷àñíèõ

ìàòåìàòèöi òà ôiçèöi. Îäíàê ó áàãàòüîõ çàäà÷àõ ñòîõàñòè÷íîãî àíàëiçó,

ìàòåìàòè÷íî¨ ôiçèêè, ôóíêöiîíàëüíîãî àíàëiçó, êâàíòîâî¨ ôiçèêè, òîùî

ïðèðîäíèì ÷èíîì âèíèêàþòü íå ëèøå ãàóññiâñüêi âèïàäêîâi ïðîöåñè òà

ìiðè, òîìó iñíó¹ íåîáõiäíiñòü ó ïîáóäîâi àíàëîãiâ ãàóññiâñüêîãî àíàëiçó

áiëîãî øóìó äëÿ íåãàóññiâñüêèõ ïðîöåñiâ i âiäïîâiäíèõ éìîâiðíiñíèõ ìið.

Îäíèìè ç òèõ, ùî íàéáiëüø øèðîêî çàñòîñîâóþòüñÿ ó ñó÷àñíèõ

äîñëiäæåííÿõ, ¹ ïðîöåñè Ëåâi (íåïåðåðâíi çà éìîâiðíiñòþ âèïàäêîâi ïðî-

öåñè çi ñòàöiîíàðíèìè íåçàëåæíèìè ïðèðîñòàìè). Ãîëîâíîþ ïðîáëåìîþ

ïðè ïîáóäîâi àíàëiçó áiëîãî øóìó Ëåâi ¹ âiäñóòíiñòü ó ïðîöåñiâ Ëåâi

(êðiì âiíåðiâñüêîãî òà ïóàññîíiâñüêîãî) âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó,

òîáòî ìîæëèâîñòi ïðåäñòàâèòè äîâiëüíó êâàäðàòè÷íî iíòåãðîâíó âèïàä-

êîâó âåëè÷èíó ó âèãëÿäi ðÿäó ç ïîâòîðíèõ ñòîõàñòè÷íèõ iíòåãðàëiâ çà
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ïðîöåñîì Ëåâi âiä íåâèïàäêîâèõ ôóíêöié. Ñëiä âiäçíà÷èòè, ùî âiäïîâiä-

íà âëàñòèâiñòü âiäiãðà¹ êëþ÷îâó ðîëü ïðè ïîáóäîâi ãàóññiâñüêîãî àíàëiçó

áiëîãî øóìó. Âòiì, öÿ ïðîáëåìà íå ¹ íåçäîëàííîþ: ó ðîáîòàõ Ê. Iòî

(1956), Ä. Íóàëàðòà òà Â. Ñêîóòåíñà (2000), �. Â. Ëèòâèíîâà (2003),

Ô. Áåíòà, Ã. Äi Íóíî, À. Ëîêêè, Á. Îêñåíäàëà òà Ô. Ïðîñêå (2003),

òà iíøèõ ðîçáóäîâàíî ðiçíi àíàëîãè (óçàãàëüíåííÿ) çãàäàíî¨ âëàñòèâîñòi

äëÿ ïðîöåñiâ Ëåâi. Â çàëåæíîñòi âiä çàäà÷, ÿêi ðîçãëÿäàþòüñÿ, ìîæíà

îáèðàòè íàéáiëüø ñëóøíi óçàãàëüíåííÿ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó

òà áóäóþòüñÿ âiäïîâiäíi âåðñi¨ àíàëiçó.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà ðîçáóäîâi àíàëiçó áiëîãî øóìó Ëå-

âi, ÿêèé, ÿê âæå âiäçíà÷àëîñü, ¹ îäíèì ç íàéáiëüø çàïèòàíèõ óçàãàëüíåíü

êëàñè÷íîãî ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó. Ó ðîáîòi óâîäÿòüñÿ i äî-

ñëiäæóþòüñÿ îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà ïàðàìåòðèçî-

âàíèõ ïðîñòîðàõ òèïó Êîíäðàòü¹âà ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ

ôóíêöié, ïîáóäîâàíèõ ç âèêîðèñòàííÿì óçàãàëüíåííÿ âëàñòèâîñòi õàîòè-

÷íîãî ðîçêëàäó, çàïðîïîíîâàíîãî �. Â. Ëèòâèíîâèì, òà ðîçðîáëÿ¹òüñÿ

âiêiâñüêå ÷èñëåííÿ íà çãàäàíèõ ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóí-

êöié. Âiäçíà÷èìî, ùî çãàäàíå óçàãàëüíåííÿ âëàñòèâîñòi õàîòè÷íîãî ðîç-

êëàäó  ðóíòó¹òüñÿ íà ðîçêëàäi êâàäðàòè÷íî iíòåãðîâíèõ çà ìiðîþ áiëîãî

øóìó Ëåâi ôóíêöié (âèïàäêîâèõ âåëè÷èí) ó ðÿäè çi ñïåöiàëüíèì ÷èíîì

ïîáóäîâàíèõ îðòîãîíàëüíèõ ôóíêöié, ïîäiáíî äî ðîçêëàäó êâàäðàòè÷íî

iíòåãðîâíèõ âèïàäêîâèõ âåëè÷èí çà ïîëiíîìàìè Åðìiòà ó ãàóññiâñüêî-

ìó àíàëiçi (ðîçêëàä çà ïîëiíîìàìè Åðìiòà, ó ñâîþ ÷åðãó, åêâiâàëåíòíèé

ðîçêëàäó çà ïîâòîðíèìè ñòîõàñòè÷íèìè iíòåãðàëàìè Iòî). Âàðòî âiäçíà-

÷èòè, ùî âèêîðèñòàíå óçàãàëüíåííÿ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó ¹

íà ñüîãîäíi îäíèì ç íàéáiëüø öiêàâèõ òà ïåðñïåêòèâíèõ ç òî÷êè çîðó

çàñòîñóâàíü.

Îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ, ÿêi òiñíî ïîâ'ÿçàíi ç

ðîçøèðåíèì ñòîõàñòè÷íèì iíòåãðàëîì Ñêîðîõîäà òà çi ñòîõàñòè÷íîþ ïî-
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õiäíîþ Õiäè, âiäiãðàþòü âàæëèâó ðîëü ó ãàóññiâñüêîìó àíàëiçi áiëîãî

øóìó. Âîíè âèâ÷àëèñü, çîêðåìà, ó ðîáîòàõ À. Óñòóíåëà (1995), Ô. Áåíòà

(1999), Ê. Àñå, Á. Îêñåíäàëà, Í. Ïðiâî òà Æ. Óáî (2000). Ïåâíi óçà-

ãàëüíåííÿ îïåðàòîðiâ ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà àíàëiç áiëîãî

øóìó Ëåâi ïîáóäîâàíî ó ðîáîòi Ã. Äi Íóíî, Á. Îêñåíäàëà òà Ô. Ïðîñêå

(2004). Çîêðåìà, öi îïåðàòîðè ìîæíà âèêîðèñòîâóâàòè äëÿ âèâ÷åííÿ âëà-

ñòèâîñòåé ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà i âëàñòèâîñòåé ðîçâ'ÿçêiâ

ïåâíèõ ñòîõàñòè÷íèõ iíòåãðàëüíèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü.

Iíøèì âàæëèâèì îá'¹êòîì ó ãàóññiâñüêîìó àíàëiçi áiëîãî øóìó ¹

âiêiâñüêå ÷èñëåííÿ íà ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié, òîáòî òåîðiÿ, ùî

âèâ÷à¹ ïðèðîäíi àíàëîãè ïîòî÷êîâîãî äîáóòêó (âiêiâñüêèé äîáóòîê) i ãî-

ëîìîðôíèõ ôóíêöié (âiêiâñüêi âåðñi¨ ãîëîìîðôíèõ ôóíêöié) íà çãàäàíèõ

ïðîñòîðàõ, à òàêîæ ñòîõàñòè÷íi iíòåãðàëüíi òà äèôåðåíöiàëüíi ðiâíÿííÿ ç

âiêiâñüêèì äîáóòêîì i âiêiâñüêèìè âåðñiÿìè ãîëîìîðôíèõ ôóíêöié (ñòî-

õàñòè÷íi ðiâíÿííÿ ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó). Çãàäàíi ðiâíÿííÿ

ìàþòü çàñòîñóâàííÿ, çîêðåìà, ó ñòîõàñòè÷íîìó àíàëiçi òà ó ìàòåìàòè-

÷íié ôiçèöi. Âàðòî âiäçíà÷èòè, ùî äëÿ âèâ÷åííÿ äåÿêèõ âëàñòèâîñòåé

ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü çàñòîñîâóþòüñÿ îïåðàòîðè ñòîõàñòè÷íîãî äèôå-

ðåíöiþâàííÿ (çîêðåìà, âèêîðèñòîâó¹òüñÿ òîé ôàêò, ùî îïåðàòîð ñòîõà-

ñòè÷íîãî äèôåðåíöiþâàííÿ ïåðøîãî ïîðÿäêó ¹ äèôåðåíöiþâàííÿì âiäíî-

ñíî âiêiâñüêîãî ìíîæåííÿ, òîáòî çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíiöà). Âiêiâ-

ñüêå ÷èñëåííÿ ðîçðîáëÿëàñü ó ðîáîòàõ Ò. Ëiíäñòðüîìà, Á. Îêñåíäàëà òà

Æ. Óáî (1992), Þ. Ã. Êîíäðàòü¹ââà, Ï. Ëåóêåðòà òà Ë. Øòðàéòà (1996),

I. Êóáî, Õ. Êóî òà À. Ñåíãóïòè (1999), Í. Îáàòè (1999) òà áàãàòüîõ

iíøèõ.

Ïåðøèé ðîçäië äèñåðòàöi¨ ìà¹ äîïîìiæíèé õàðàêòåð. Òóò îãëÿíóòî

ëiòåðàòóðó òà âiäîìi ðåçóëüòàòè çà òåìàòèêîþ ðîáîòè; íàâåäåíå âèçíà÷åí-

íÿ ìiðè áiëîãî øóìó Ëåâi òà îïèñàíî ñóìiæíi ïîíÿòòÿ; îïèñàíå óçàãàëüíå-

ííÿ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó, çàïðîïîíîâàíå �. Â. Ëèòâèíîâèì;
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óâåäåíî ïàðàìåòðèçîâàíi ïðîñòîðè òèïó Êîíäðàòü¹âà ðåãóëÿðíèõ îñíîâ-

íèõ i óçàãàëüíåíèõ ôóíêöié (ÿêi ¹ âiäïîâiäíî ïîçèòèâíèìè i íåãàòèâíèìè

ïðîñòîðàìè ïàðàìåòðèçîâàíîãî ðåãóëÿðíîãî îñíàùåííÿ ïðîñòîðó êâàäðà-

òè÷íî iíòåãðîâíèõ çà ìiðîþ áiëîãî øóìó Ëåâi ôóíêöié) ó òåðìiíàõ çãàäà-

íîãî óçàãàëüíåííÿ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó, òà íàâåäåíî ðîçêëà-

äè åëåìåíòiâ ç öèõ ïðîñòîðiâ çà ïðèðîäíèìè îðòîãîíàëüíèìè áàçèñàìè;

îïèñàíî êîíñòðóêöi¨ ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà Ñêîðîõîäà òà

ñòîõàñòè÷íî¨ ïîõiäíî¨ Õiäè íà çãàäàíèõ ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i

óçàãàëüíåíèõ ôóíêöié.

Ó äðóãîìó ðîçäiëi óâåäåíî i äåòàëüíî âèâ÷åíî îïåðàòîðè ñòîõàñòè-

÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíå-

íèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi, ïîáóäîâàíèõ ç âèêîðèñòàííÿì

àíàëîãó âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó, çàïðîïîíîâàíîãî �. Â. Ëèòâè-

íîâèì. Îêðåìî ðîçãëÿíóòî âèïàäêè, ó ÿêèõ çãàäàíi îïåðàòîðè ¹ îáìåæå-

íèìè òà íåîáìåæåíèìè. Ðåçóëüòàòè ðîçäiëó ¹ óçàãàëüíåííÿì íà âåðñiþ

àíàëiçó áiëîãî øóìó Ëåâi, ùî ðîçáóäîâó¹òüñÿ â äèñåðòàöi¨, âiäïîâiäíèõ

ðåçóëüòàòiâ ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó. Òàê ñàìî, ÿê i ó ãàóñ-

ñiâñüêîìó àíàëiçi, ïîáóäîâàíi îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ

ìîæíà âèêîðèñòîâóâàòè äëÿ âèâ÷åííÿ äåÿêèõ âëàñòèâîñòåé ðîçøèðåíîãî

ñòîõàñòè÷íîãî iíòåãðàëà, à òàêîæ äëÿ âèâ÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ

ñòîõàñòè÷íèõ iíòåãðàëüíèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíîñòÿìè

âiêiâñüêîãî òèïó.

Êðiì òîãî, ó ðîçäiëi äîâåäåíî, ùî íà ïåðåòèíàõ ïðîñòîðiâ ðåãóëÿð-

íèõ òà íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié óâåäåíi â äèñåðòàöi¨ îïåðàòîðè

ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ ñïiâïàäàþòü iç âiäïîâiäíèìè îïåðàòî-

ðàìè íà ïðîñòîðàõ íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié. Öå äà¹, çîêðåìà,

ìîæëèâiñòü âèêîðèñòîâóâàòè ïåâíi ðåçóëüòàòè, ïîâ'ÿçàíi ç îïåðàòîðà-

ìè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ íåðåãóëÿðíèõ îñíîâíèõ

ôóíêöié, â àíàëiçi áiëîãî øóìó Ëåâi íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ
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i óçàãàëüíåíèõ ôóíêöié.

Ó òðåòüîìó ðîçäiëi, çà àíàëîãi¹þ iç ãàóññiâñüêèì àíàëiçîì áiëîãî

øóìó, ïîáóäîâàíî åëåìåíòè âiêiâñüêîãî ÷èñëåííÿ íà ïðîñòîðàõ ðåãóëÿð-

íèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi. Çîêðåìà, íàâåäå-

íi âèçíà÷åííÿ i âèâ÷åíi âëàñòèâîñòi âiêiâñüêîãî äîáóòêó òà âiêiâñüêèõ

âåðñié ãîëîìîðôíèõ ôóíêöié; âñòàíîâëåíî, ùî îïåðàòîð ñòîõàñòè÷íîãî

äèôåðåíöiþâàííÿ ïåðøîãî ïîðÿäêó ¹ äèôåðåíöiþâàííÿì (çàäîâîëüíÿ¹

ïðàâèëî Ëåéáíiöà) âiäíîñíî âiêiâñüêîãî ìíîæåííÿ; ïîêàçàíî, ùî ÿêùî

âèêîðèñòîâóâàòè âiêiâñüêå ìíîæåííÿ çàìiñòü ïîòî÷êîâîãî, òî ìîæíà âè-

íåñòè íåçàëåæíèé âiä ÷àñó ìíîæíèê ç-ïiä çíàêó ñòîõàñòè÷íîãî iíòåãðàëà;

ñôîðìóëüîâàíî òà äîâåäåíî òåîðåìó ïðî ïðåäñòàâëåííÿ ðîçøèðåíîãî ñòî-

õàñòè÷íîãî iíòåãðàëà ÷åðåç ôîðìàëüíèé iíòåãðàë Ïåòòiñà âiä âiêiâñüêîãî

äîáóòêó âèõiäíî¨ ïiäiíòåãðàëüíî¨ ôóíêöi¨ òà áiëîãî øóìó Ëåâi. Öi ðåçóëü-

òàòè ¹ ïiä ðóíòÿì äëÿ ïîäàëüøî¨ ðîçáóäîâè àíàëiçó áiëîãî øóìó Ëåâi

(â òîìó ÷èñëi âiêiâñüêîãî ÷èñëåííÿ ó ìåæàõ öüîãî àíàëiçó), i ìîæóòü

çàñòîñîâóâàòèñü, çîêðåìà, äëÿ ðîçâ'ÿçàííÿ ñòîõàñòè÷íèõ iíòåãðàëüíèõ òà

äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó íà ïðîñòî-

ðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié (ïðèêëàäè òàêèõ ðiâíÿíü íàâåäåíî

ó îñòàííüîìó ïiäðîçäiëi ðîçäiëó). Âàðòî çàóâàæèòè, ùî, ÿê i ó ãàóññiâ-

ñüêîìó àíàëiçi, çãàäàíi ðiâíÿííÿ ìîæíà çàñòîñîâóâàòè äëÿ ìîäåëþâàííÿ

ðiçíèõ ôiçè÷íèõ ïðîöåñiâ.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ òàêi: ó äèñåðòàöi¨ âïåðøå

� óâåäåíî îáìåæåíi i íåîáìåæåíi îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöi-

þâàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié

àíàëiçó áiëîãî øóìó Ëåâi, ÿêi ïîáóäîâàíi ç âèêîðèñòàííÿì óçàãàëü-

íåííÿ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó, çàïðîïîíîâàíîãî �. Â. Ëè-

òâèíîâèì, äåòàëüíî âèâ÷åíî âëàñòèâîñòi öèõ îïåðàòîðiâ;

� âèâ÷åíî âçà¹ìîçâ'ÿçîê ìiæ îïåðàòîðàìè ñòîõàñòè÷íîãî äèôåðåíöiþ-
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âàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ òà íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié

àíàëiçó áiëîãî øóìó Ëåâi;

� óâåäåíî âiêiâñüêèé äîáóòîê òà âiêiâñüêi âåðñié ãîëîìîðôíèõ ôóíêöié

íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó

Ëåâi, âèâ÷åíî âëàñòèâîñòi öèõ îïåðàöié;

� äîâåäåíî, ùî îïåðàòîð ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ ïåðøîãî ïî-

ðÿäêó ¹ äèôåðåíöiþâàííÿì (çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíiöà) âiäíîñíî

âiêiâñüêîãî ìíîæåííÿ;

� âèâ÷åíî çâ'ÿçîê ìiæ âiêiâñüêèì ÷èñëåííÿì òà ñòîõàñòè÷íèì iíòå-

ãðóâàííÿì íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó

áiëîãî øóìó Ëåâi.

Êëþ÷îâi ñëîâà: ïðîöåñ Ëåâi, âëàñòèâiñòü õàîòè÷íîãî ðîçêëàäó, ñòî-

õàñòè÷íà ïîõiäíà Õiäè, ðîçøèðåíèé ñòîõàñòè÷íèé iíòåãðàë, îïåðàòîð ñòî-

õàñòè÷íîãî äèôåðåíöiþâàííÿ, âiêiâñüêå ÷èñëåííÿ.

ABSTRACT

Frei M.M. Stochastic di�erentiation and Wick calculus in the L�evy

white noise analysis. � Qualifying scienti�c work on rights of manuscript.

The thesis for obtaining the Candidate of Physical and Mathematical

Sciences degree on the speciality 01.01.01 � mathematical analysis. � Vasyl

Stefanyk Precarpathian National University, Ivano-Frankivsk, 2019.

The work is prepared at the Department of Mathematical and Functi-

onal Analysis, Faculty of Mathematics and Computer Science of Vasyl

Stefanyk Precarpathian National University.

The investigation, results of which are expounded in the thesis, refers

to an in�nite dimensional analysis�a quite wide area of modern mathematics,

in which one studies, in particular, di�erent spaces of functions and generali-
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zed functions of in�nite many variables (i.e., of functions and generalized

functions with arguments from in�nite dimensional spaces).

The Gaussian white noise analysis (i.e., an analysis on spaces of test,

square integrable with respect to the Gaussian measure, and generalized

functions, which depend on in�nitely many variables) has numerous applicati-

ons in modern mathematics and physics. But in many problems of stochastic

analysis, mathematical physics, functional analysis, quantum physics, etc.

not only Gaussian random processes and measures arise in a natural way,

therefore there is a necessity to build analogs of the Gaussian white noise

analysis for non-Gaussian processes and corresponding probability measures.

One of the most widely used in modern investigations are L�evy

processes (continuous in probability random processes with stationary inde-

pendent increments). The main problem in the construction of a L�evy white

noise analysis is lack of a chaotic representation property in L�evy processes

(excluding Wiener and Poissonian processes), i.e., a square integrable random

variable cannot be presented, generally speaking, as a series of repeated

stochastic integrals from nonrandom functions by the L�evy process. It is

worth noting that the corresponding property plays a key role in building

of the Gaussian white noise analysis. However, this problem is not irresi-

stible: in works of K. It�o (1956), D. Nualart and W. Schoutens (2000),

E. W. Lytvynov (2003), F. Benth, G. Di Nunno, A. Lokka, B. Oksendal

and F. Proske (2003), and other di�erent analogs (generalizations) of the

mentioned property for L�evy processes are built. Depending on the problems

under consideration one can select the most applicable generalizations of

the chaotic representation property and build corresponding versions of an

analysis.

The thesis is devoted to building of a L�evy white noise analysis, which,

as already was noted, is one of the most sought generalizations of the classical

Gaussian white noise analysis. In the work operators of stochastic di�erenti-
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ation on parametrized Kondratiev-type spaces of regular test and generalized

functions, built using Lytvynov's generalization of the chaotic representati-

on property, are being introduced and studied, and a Wick calculus on

the mentioned spaces of regular generalized functions is developed. Note

that the mentioned generalization of the chaotic representation property is

based on decomposition of square integrable with respect to the L�evy whi-

te noise measure functions (random variables) in series from in a special

manner constructed orthogonal functions, similar to decomposition of square

integrable random variables by the Hermite polynomials in the Gaussian

analysis (a decomposition by the Hermite polynomials, by-turn, is equivalent

to a decomposition by repeated It�o's stochastic integrals). It is worth noting

that the used generalization of the chaotic representation property is in a

moment one of the most interesting and challenging from the point of view

of applications.

Operators of stochastic di�erentiation, which are closely related with

the extended stochastic integral and with the Hida stochastic derivative, play

an important role in the Gaussian white noise analysis. They were studied,

in particular, in the works of A. Ustunel (1995), F. Benth (1999), K. Aase,

B. Oksendal, N. Privault and J. Uboe (2000). Certain generalizations of

operators of stochastic di�erentiation to the L�evy white noise analysis are

built in the work of G. Di Nunno, B. Oksendal and F. Proske (2004). In

particular, these operators can be used in order to study properties of the

extended stochastic integral and properties of solutions of certain stochastic

integral and di�erential equations.

Another important object in the Gaussian white noise analysis is

a Wick calculus on spaces of generalized functions, i.e., a theory, which

studies natural analogues of the pointwise product (Wick product) and

of holomorphic functions (Wick versions of holomorphic functions) on the

mentioned spaces, as well as stochastic integral and di�erential equations with
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the Wick product and the Wick versions of holomorphic functions (stochastic

equations with Wick-type nonlinearities). The mentioned equations have

applications, in particular, in the stochastic analysis and in the mathematical

physics. It is worth noting that in order to study some properties of solutions

of such equations, one can use the operators of stochastic di�erentiation (in

particular, one can use the fact that the operator of stochastic di�erentiation

of �rst order is the di�erentiation with respect to the Wick multiplication,

i.e., this operator satis�es the Leibniz rule). The Wick calculus is built in

works of T. Lindstrom, B. Oksendal and J. Uboe (1992), Yu. G. Kondratiev,

P. Leukert and L. Streit (1996), I. Kubo, H. Kuo and A. Sengupta (1999),

N. Obata (1999) and many other.

The �rst chapter of the thesis has auxiliary character. Here we did a

review of the literature and of known results on the subject of the work;

de�ne the L�evy white noise measure and describe related topics; describe

Lytvynov's generalization of the chaotic representation property; introduce

the parametrized Kondratiev-type spaces of regular test and generalized

functions (that are positive and negative spaces of a parametrized regular

rigging of the space of square integrable with respect to the L�evy white noise

measure functions respectively) in terms of the mentioned generalization of

the chaotic representation property, and present decompositions of elements

belonging to these spaces by natural orthogonal bases; describe constructions

of the extended Skorohod stochastic integral and of the Hida stochastic

derivative on the mentioned spaces of regular test and generalized functions.

In the second chapter we introduce and study in detail operators of

stochastic di�erentiation on the spaces of regular test and generalized functi-

ons of the L�evy white noise analysis, built using Lytvynov's generalization

of the chaotic representation property. Separately we consider the cases, in

which the mentioned operators are bounded and unbounded. The results

of the chapter are generalizations to the version of the L�evy white noise
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analysis, that is being built in the thesis, of corresponding results of the

Gaussian white noise analysis. As well as in the Gaussian analysis, the

constructed operators of stochastic di�erentiation can be used in order to

study some properties of the extended stochastic integral, and for study

properties of solutions of stochastic integral and di�erential equations with

Wick-type nonlinearities.

Also in the chapter we prove that on intersections of the spaces of

regular and nonregular test functions the operators of stochastic di�erenti-

ation introduced in the thesis coincide with corresponding operators on the

spaces of nonregular test functions. In particular, it gives the opportunity to

use certain results, connected with the operators of stochastic di�erentiation

on the spaces of nonregular test functions, in the L�evy white noise analysis

on the spaces of regular test and generalized functions.

In the third chapter, by analogy with the Gaussian white noise analysis,

we construct elements of a Wick calculus on the spaces of regular generalized

functions of the L�evy white noise analysis. In particular, we give de�nitions

and study properties of a Wick product and of Wick versions of holomorphic

functions; establish that the operator of stochastic di�erentiation of �rst

order is a di�erentiation (satis�es the Leibniz rule) with respect to the Wick

multiplication; show that if one uses the Wick multiplication instead of the

pointwise multiplication, then it is possible to take the time-independent

multiplier out of the sign of the stochastic integral; formulate and prove a

theorem about presentation of the extended stochastic integral via a formal

Pettis integral from the Wick product of the initial integrand and the L�evy

white noise. These results are a basis for further development of the L�evy

white noise analysis (including the Wick calculus in the framework of this

analysis), and can be used, in particular, for solving of stochastic integral

and di�erential equations with Wick-type nonlinearities on the spaces of

regular generalized functions (examples of such equations are given in the
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last section of the chapter). It is worth noting that, as in the Gaussian

analysis, the mentioned equations can be used for modelling of di�erent

physical processes.

The main results of the thesis are the following: in the thesis �rst

� bounded and unbounded operators of stochastic di�erentiation on the

spaces of regular test and generalized functions of the L�evy white

noise analysis, built using Lytvynov's generalization of the chaotic

representation property, are introduced, properties of these operators

are studied in detail;

� a relationship between the operators of stochastic di�erentiation on the

spaces of regular and nonregular test functions of the L�evy white noise

analysis is studied;

� the Wick product and the Wick versions of holomorphic functions on

the spaces of regular generalized functions of the L�evy white noise

analysis are introduced, properties of these operations are studied;

� it is proved that the operator of stochastic di�erentiation of �rst order

is a di�erentiation (satis�es the Leibniz rule) with respect to the Wick

multiplication;

� a relationship between the Wick calculus and the stochastic integration

on the spaces of regular generalized functions of the L�evy white noise

analysis is studied.

Key words: L�evy process, chaotic representation property, Hida stochastic

derivative, extended stochastic integral, operator of stochastic di�erentiation,

Wick calculus.
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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

L = (Lt)t∈R+
� ïðîöåñ Ëåâi

‖ · ‖H àáî | · |H � íîðìà â ïðîñòîði H

(·, ·)H � ñêàëÿðíèé äîáóòîê â ïðîñòîði H

〈·, ·〉H àáî 〈〈·, ·〉〉H � äóàëüíå ñïàðþâàííÿ, ïîðîäæåíå ñêàëÿðíèì äîáó-

òêîì â ïðîñòîði H

⊗ � òåíçîðíèé äîáóòîê

⊗̂ � ñèìåòðè÷íèé òåíçîðíèé äîáóòîê

D � ïðîñòið Øâàðöà âñiõ äiéñíîçíà÷íèõ íåñêií÷åííî

äèôåðåíöiéîâíèõ ôóíêöié íà R+, ùî ìàþòü êîì-

ïàêòíi íîñi¨

D′ � ïðîñòið Øâàðöà, ñïðÿæåíèé äî D

(L2) � ïðîñòið êîìïëåêñíîçíà÷íèõ êâàäðàòè÷íî iíòåãðîâ-

íèõ çà ìiðîþ áiëîãî øóìó Ëåâi ôóíêöié íà D′

1A � iíäèêàòîð ìíîæèíè A

: 〈◦⊗n, F (n)〉 : � âiêiâñüêèé ìîíîì

HC � êîìïëåêñèôiêàöiÿ ïðîñòîðó H

H(n)
ext � ãiëüáåðòiâ ïðîñòið, ùî ¹ ïîïîâíåííÿì D⊗̂nC âiäíîñíî

íîðìè, ùî ïîðîäæåíà ñêàëÿðíèì äîáóòêîì ó (L2)

âiêiâñüêèõ ìîíîìiâ

(L2)βq , (L2)β � ïðîñòîðè ðåãóëÿðíèõ îñíîâíèõ ôóíêöié

(L2)−β−q , (L2)−β � ïðîñòîðè ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié

pr lim
q→+∞

(L2)βq � ïðîåêòèâíà ãðàíèöÿ ñiì'¨ ïðîñòîðiâ (L2)βq

ind lim
q→+∞

(L2)−β−q � iíäóêòèâíà ãðàíèöÿ ñiì'¨ ïðîñòîðiâ (L2)−β−q∫
∆

◦(u)d̂Lu � ðîçøèðåíèé ñòîõàñòè÷íèé iíòåãðàë
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1∆(·)∂. � ñòîõàñòè÷íà ïîõiäíà Õiäè

Dn, Dn, D̃n,D̃n, D̂n, D̂n � îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàí-

íÿ

H � ïðîñòið äiéñíîçíà÷íèõ êâàäðàòè÷íî iíòå-

ãðîâíèõ çà ìiðîþ Ëåáåãà ôóíêöié íà R+

�, � � àíàëîãè ñèìåòðè÷íîãî òåíçîðíîãî äîáóòêó

íà ïðîñòîðàõ H(n)
ext òà H

(n)
ext⊗HC âiäïîâiäíî

♦ òà ♦ � âiêiâñüêi äîáóòêè íà ïðîñòîðàõ (L2)−β òà

(L2)−β ⊗HC âiäïîâiäíî

D�g � óçàãàëüíåíà ïîõiäíà çà íàïðÿìêîì g

h♦ � âiêiâñüêà âåðñiÿ ãîëîìîðôíî¨ ôóíêöi¨ h
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè äîñëiäæåííÿ. Äàíà ðîáîòà âiäíîñèòüñÿ äî

ãàëóçi íåñêií÷åííîâèìiðíîãî àíàëiçó i ïðèñâÿ÷åíà äîñëiäæåííþ îïåðà-

òîðiâ ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ òà âiêiâñüêîãî ÷èñëåííÿ â àíàëiçi

áiëîãî øóìó Ëåâi.

Îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ, ùî âèâ÷àëèñü, çîêðåìà,

ó ðîáîòàõ Ê. Àñå, Á. Îêñåíäàëà, Í. Ïðiâî òà Æ. Óáî [15], Ô. Áåíòà [16],

Ã. Äi Íóíî, Á. Îêñåíäàëà òà Ô. Ïðîñêå [22], À. Óñòóíåëà [68] òà iíøèõ,

âiäiãðàþòü âàæëèâó ðîëü ó ãàóññiâñüêîìó àíàëiçi áiëîãî øóìó. Öi îïåðà-

òîðè òiñíî ïîâ'ÿçàíi iç ðîçøèðåíèì ñòîõàñòè÷íèì iíòåãðàëîì Ñêîðîõîäà,

çi ñòîõàñòè÷íîþ ïîõiäíîþ Õiäè, òà ç ïîõiäíîþ Ãðîññà. Çîêðåìà, ¨õ ìîæíà

âèêîðèñòîâóâàòè äëÿ âèâ÷åííÿ âëàñòèâîñòåé ðîçøèðåíîãî ñòîõàñòè÷íîãî

iíòåãðàëà.

Iíøèì âàæëèâèì íàïðÿìîì äîñëiäæåííÿ ó ãàóññiâñüêîìó àíàëiçi

áiëîãî øóìó ¹ äîñëiäæåííÿ òàê çâàíîãî âiêiâñüêîãî ÷èñëåííÿ íà ïðî-

ñòîðàõ óçàãàëüíåíèõ ôóíêöié, òîáòî òåîði¨, ùî âèâ÷à¹ ïðèðîäíi àíàëîãè

ïîòî÷êîâîãî äîáóòêó (âiêiâñüêèé äîáóòîê) i ãîëîìîðôíèõ ôóíêöié (âi-

êiâñüêi âåðñi¨ ãîëîìîðôíèõ ôóíêöié) íà çãàäàíèõ ïðîñòîðàõ; à òàêîæ

ñòîõàñòè÷íi äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ ç âiêiâñüêèì äîáó-

òêîì i âiêiâñüêèìè âåðñiÿìè ãîëîìîðôíèõ ôóíêöié (ñòîõàñòè÷íi ðiâíÿííÿ

ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó), ÿêi ìàþòü çàñòîñóâàííÿ, çîêðåìà, ó

ñòîõàñòè÷íîìó àíàëiçi òà ó ìàòåìàòè÷íié ôiçèöi. Öÿ òåîðiÿ ðîçðîáëÿ-

ëàñü ó ðîáîòàõ Þ. Ã. Êîíäðàòü¹ââà, Ï. Ëåóêåðòà òà Ë. Øòðàéòà [50],

I. Êóáî, Õ. Êóî òà À. Ñåíãóïòè [52], Ò. Ëiíäñòðüîìà, Á. Îêñåíäàëà òà

Æ. Óáî [53], Í. Îáàòè [59,60], òà áàãàòüîõ iíøèõ.

Âàðòî âiäçíà÷èòè, ùî äëÿ âèâ÷åííÿ äåÿêèõ âëàñòèâîñòåé ðîçâ'ÿçêiâ

ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó çàñòîñîâóþòüñÿ îïåðàòîðè ñòî-

õàñòè÷íîãî äèôåðåíöiþâàííÿ. Çîêðåìà, âèêîðèñòîâó¹òüñÿ òîé ôàêò, ùî
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îïåðàòîð ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ ïåðøîãî ïîðÿäêó ¹ äèôåðåí-

öiþâàííÿì (òîáòî çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíiöà) âiäíîñíî âiêiâñüêîãî

ìíîæåííÿ.

Îäíàê ó ðiçíèõ ðîçäiëàõ ìàòåìàòèêè òà ôiçèêè ïðèðîäíèì ÷èíîì

âèíèêàþòü íå ëèøå ãàóññiâñüêi âèïàäêîâi ïðîöåñè, òîìó iñíó¹ íåîáõiäíiñòü

ó ðîçáóäîâi àíàëîãiâ ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó äëÿ íåãàóññiâñüêèõ

ïðîöåñiâ òà âiäïîâiäíèõ éìîâiðíiñíèõ ìið. Îäíèìè iç òèõ, ùî íàéáiëüø

øèðîêî çàñòîñîâóþòüñÿ, ¹ ïðîöåñè Ëåâi (íåïåðåðâíi çà éìîâiðíiñòþ âè-

ïàäêîâi ïðîöåñè çi ñòàöiîíàðíèìè íåçàëåæíèìè ïðèðîñòàìè). Ãîëîâíîþ

ïðîáëåìîþ ïðè ïîáóäîâi àíàëiçó áiëîãî øóìó Ëåâi ¹ âiäñóòíiñòü ó ïðîöå-

ñiâ Ëåâi (êðiì ãàóññiâñüêîãî òà ïóàññîíiâñüêîãî ÷àñòèííèõ âèïàäêiâ) òàê

çâàíî¨ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó (ÂÕÐ), òîáòî ìîæëèâîñòi ïðåä-

ñòàâèòè äîâiëüíó êâàäðàòè÷íî iíòåãðîâíó âèïàäêîâó âåëè÷èíó ó âèãëÿäi

ðÿäó ç ïîâòîðíèõ ñòîõàñòè÷íèõ iíòåãðàëiâ çà ïðîöåñîì Ëåâi âiä íåâèïàä-

êîâèõ ôóíêöié (ÿê äîáðå âiäîìî, âiäïîâiäíà âëàñòèâiñòü ãðà¹ êëþ÷îâó

ðîëü ïðè ïîáóäîâi áàãàòüîõ îá'¹êòiâ ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó).

Òèì íå ìåíø, iñíóþòü ðiçíi àíàëîãè çãàäàíî¨ âëàñòèâîñòi, çàïðîïîíîâàíi,

çîêðåìà, ó ðîáîòàõ Ê. Iòî [36], �. Â. Ëèòâèíîâà [54], Ä. Íóàëàðòà òà

Â. Ñêîóòåíñà [58], Ô. Áåíòà, Ã. Äi Íóíî, À. Ëîêêè, Á. Îêñåíäàëà òà

Ô. Ïðîñêå [17] òà iíøèõ. Çàóâàæèìî, ùî çâ'ÿçêè ìiæ öèìè àíàëîãàìè

âèâ÷àþòüñÿ ó ùîéíî çãàäàíèõ ñòàòòÿõ �. Â. Ëèòâèíîâà, Á. Îêñåíäàëà çi

ñïiâàâòîðàìè, à òàêîæ ó ðîáîòàõ À. Ì. Âåðøèêà òà Í. Â. Öèëåâè÷ [69],

Ì. Î. Êà÷àíîâñüêîãî [44], Æ. Ñîëå, Ô. Óòçåò òà Æ. Âiâåñ [66] òà iíøèõ.

Îäèí iç àíàëîãiâ ÂÕÐ ó àíàëiçi Ëåâi, çàïðîïîíîâàíèé �. Â. Ëè-

òâèíîâèì [54],  ðóíòó¹òüñÿ íà ðîçêëàäi êâàäðàòè÷íî iíòåãðîâíèõ âèïàä-

êîâèõ âåëè÷èí ó ðÿäè çi ñïåöiàëüíèì ÷èíîì ïîáóäîâàíèõ îðòîãîíàëüíèõ

ôóíêöié, ïîäiáíî äî ðîçêëàäó çà ïîëiíîìàìè Åðìiòà (åêâiâàëåíòíîìó

ðîçêëàäó çà ïîâòîðíèìè ñòîõàñòè÷íèìè iíòåãðàëàìè Iòî) ó ãàóññiâñüêî-

ìó àíàëiçi. Ïîâ'ÿçàíèé ç öèì àíàëîãîì ÂÕÐ ïiäõiä äî ïîáóäîâè àíàëiçó
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áiëîãî øóìó Ëåâi ¹ íà ñüîãîäíi îäíèì ç íàéáiëüø öiêàâèõ òà ïåðñïå-

êòèâíèõ ç òî÷êè çîðó çàñòîñóâàíü; îòæå, ðîçáóäîâà òåîði¨ ñòîõàñòè÷íîãî

äèôåðåíöiþâàííÿ òà âiêiâñüêîãî ÷èñëåííÿ ó éîãî òåðìiíàõ ¹ âàæëèâîþ

òà àêòóàëüíîþ çàäà÷åþ, ðîçâ'ÿçàííþ ÿêî¨ é ïðèñâÿ÷åíå äèñåðòàöiéíå äî-

ñëiäæåííÿ.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòà äèñåðòàöiéíîãî äîñëiäæå-

ííÿ ïîëÿãà¹ ó ââåäåííi îïåðàòîðiâ ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà

ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî

øóìó Ëåâi òà âèâ÷åííi âëàñòèâîñòåé öèõ îïåðàòîðiâ; ó ââåäåíi âiêiâ-

ñüêîãî äîáóòêó i âiêiâñüêèõ âåðñié ãîëîìîðôíèõ ôóíêöié íà çãàäàíèõ

ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié òà âèâ÷åííi âëàñòèâîñòåé

öèõ îïåðàöié; à òàêîæ ó âèâ÷åííi çâ'ÿçêó ìiæ âiêiâñüêèì ÷èñëåííÿì òà

ñòîõàñòè÷íèì äèôåðåíöiþâàííÿì i ñòîõàñòè÷íèì iíòåãðóâàííÿì. Öå äà¹

ìîæëèâiñòü ðîçøèðèòè íà çãàäàíèé àíàëiç i ïîãëèáèòè âiäïîâiäíi ðå-

çóëüòàòè ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó, òà ñòâîðþ¹ ïiä ðóíòÿ äëÿ

ïîäàëüøî¨ ðîçáóäîâè âiêiâñüêîãî ÷èñëåííÿ òà éîãî çàñòîñóâàíü ó àíàëiçi

áiëîãî øóìó Ëåâi.

Ó âiäïîâiäíîñòi äî ïîñòàâëåíî¨ ìåòè, ñôîðìóëüîâàíî íàñòóïíi çàâ-

äàííÿ äîñëiäæåííÿ:

� óâåñòè îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ ðå-

ãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi

òà âñòàíîâèòè ïðèðîäíi âëàñòèâîñòi öèõ îïåðàòîðiâ.

� óâåñòè âiêiâñüêèé äîáóòîê òà âiêiâñüêi âåðñi¨ ãîëîìîðôíèõ ôóíêöié

íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié, âñòàíîâèòè ¨õ ïðè-

ðîäíi âëàñòèâîñòi.

� äîñëiäèòè âçà¹ìîçâ'ÿçîê ìiæ âiêiâñüêèì ÷èñëåííÿì òà îïåðàòîðàìè

ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ.
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� äîñëiäèòè âçà¹ìîçâ'ÿçîê ìiæ âiêiâñüêèì ÷èñëåííÿì òà ñòîõàñòè÷íèì

iíòåãðóâàííÿì.

Îá'¹êòîì äîñëiäæåííÿ ¹ îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàí-

íÿ íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié àíàëiçó

áiëîãî øóìó Ëåâi, òà âiêiâñüêèé äîáóòîê i âiêiâñüêi âåðñi¨ ãîëîìîðôíèõ

ôóíêöié íà çãàäàíèõ ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié.

Ïðåäìåò äîñëiäæåííÿ � âëàñòèâîñòi îïåðàòîðiâ ñòîõàñòè÷íîãî äè-

ôåðåíöiþâàííÿ, âiêiâñüêîãî äîáóòêó i âiêiâñüêèõ âåðñié ãîëîìîðôíèõ

ôóíêöié; à òàêîæ âçà¹ìîçâ'ÿçîê ìiæ âiêiâñüêèì ÷èñëåííÿì òà îïåðà-

òîðàìè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ i ñòîõàñòè÷íèì iíòåãðóâàííÿì.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òåîði¨ âè-

ïàäêîâèõ ïðîöåñiâ, íåñêií÷åííîâèìiðíîãî àíàëiçó òà òåîði¨ óçàãàëüíåíèõ

ôóíêöié.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Óñi ðåçóëüòàòè äè-

ñåðòàöi¨, ÿêi âèíîñÿòüñÿ íà çàõèñò, ¹ íîâèìè. Ó ðîáîòi âïåðøå îòðèìàíî

íàñòóïíi ðåçóëüòàòè:

� óâåäåíî îáìåæåíi i íåîáìåæåíi îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöi-

þâàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié

àíàëiçó áiëîãî øóìó Ëåâi, ÿêi ïîáóäîâàíi ç âèêîðèñòàííÿì óçàãàëü-

íåííÿ âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó, çàïðîïîíîâàíîãî �. Â. Ëè-

òâèíîâèì, äåòàëüíî âèâ÷åíî âëàñòèâîñòi öèõ îïåðàòîðiâ;

� âèâ÷åíî âçà¹ìîçâ'ÿçîê ìiæ îïåðàòîðàìè ñòîõàñòè÷íîãî äèôåðåíöiþ-

âàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ òà íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié

àíàëiçó áiëîãî øóìó Ëåâi;

� óâåäåíî âiêiâñüêèé äîáóòîê òà âiêiâñüêi âåðñi¨ ãîëîìîðôíèõ ôóíêöié

íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó

Ëåâi, âèâ÷åíî âëàñòèâîñòi öèõ îïåðàöié;
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� äîâåäåíî, ùî îïåðàòîð ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ ïåðøîãî ïî-

ðÿäêó ¹ äèôåðåíöiþâàííÿì (çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíiöà) âiäíîñíî

âiêiâñüêîãî ìíîæåííÿ;

� âèâ÷åíî çâ'ÿçîê ìiæ âiêiâñüêèì ÷èñëåííÿì òà ñòîõàñòè÷íèì iíòå-

ãðóâàííÿì íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó

áiëîãî øóìó Ëåâi.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè ðî-

áîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. Âîíè ìîæóòü áóòè çàñòîñîâàíi äëÿ

ïîäàëüøî¨ ðîçáóäîâè àíàëiçó áiëîãî øóìó Ëåâi, çîêðåìà, òåîði¨ ñòîõàñòè-

÷íèõ ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó, ÿêi âèêîðèñòîâóþòüñÿ

ïðè ìîäåëþâàííi áàãàòüîõ ôiçè÷íèõ ïðîöåñiâ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Âñi ðåçóëüòàòè, ÿêi âèíîñÿòüñÿ íà

çàõèñò, íàëåæàòü àâòîðó äèñåðòàöi¨. Íàóêîâîìó êåðiâíèêó, Ì. Î. Êà÷à-

íîâñüêîìó, íàëåæàòü ïîñòàíîâêè çàäà÷, ïëàí äîñëiäæåíü òà iäå¨ äîâåäåí-

íÿ äåÿêèõ òâåðäæåíü, îïóáëiêîâàíèõ ó ñóìiñíèõ ðîáîòàõ.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ äîïî-

âiäàëèñü òà îáãîâîðþâàëèñü íà:

� ñiìíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ìè-

õàéëà Êðàâ÷óêà(Êè¨â, 19 � 20 òðàâíÿ 2016 ð.);

� âiñiìíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ìè-

õàéëà Êðàâ÷óêà (Ëóöüê - Êè¨â, 7 � 10 æîâòíÿ 2017 ð.);

� âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ "Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó" (Âîðîõòà, 24 � 27 ëþòîãî 2016

ð.);

� âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ "Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó" (Âîðîõòà, 22 � 25 ëþòîãî 2017

ð.);
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� âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ "Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó" (Âîðîõòà, 27 ëþòîãî � 2 áåðå-

çíÿ 2018 ð.,);

� âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ "Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó" (Âîðîõòà, 25 ëþòîãî � 1 áåðå-

çíÿ 2019 ð.);

� ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó, ïðèñâÿ÷åíié

125-ði÷÷þ âiä äíÿ íàðîäæåííÿ Ñòåôàíà Áàíàõà (Ëüâiâ, 18 � 23

âåðåñíÿ 2017 ð.);

� VI âñåóêðà¨íñüêié ìàòåìàòè÷íié êîíôåðåíöi¨ iì. Á. Â. Âàñèëèøèíà

"Íåëiíiéíi ïðîáëåìè àíàëiçó" (Iâàíî-Ôðàíêiâñüê � Ìèêóëè÷èí, 26 �

28 âåðåñíÿ 2018 ðîêó);

� ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ "Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà

¨¨ çàñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ"

(×åðíiâöi, 17 � 19 âåðåñíÿ 2018 ðîêó);

� øîñòié ìiæíàðîäíié íàóêîâî-ïðàêòè÷íié êîíôåðåíöi¨ "Ìàòåìàòèêà

â ñó÷àñíîìó òåõíi÷íîìó óíiâåðñèòåòi" (Êè¨â, 28 � 29 ãðóäíÿ 2017

ðîêó).

Òàêîæ ðåçóëüòàòè äèñåðòàöi¨ íåîäíîðàçîâî äîïîâiäàëèñÿ íà ñåìi-

íàðàõ ôàêóëüòåòó ìàòåìàòèêè òà iíôîðìàòèêè ÄÂÍÇ "Ïðèêàðïàòñüêèé

íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà".

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ îïóáëiêîâàíî

â 15 ïðàöÿõ, ç íèõ 5 � ó ôàõîâèõ âèäàííÿõ [23�27], ç ÿêèõ 3 � ó

âèäàííÿõ, âêëþ÷åíèõ äî ìiæíàðîäíî¨ íàóêîìåòðè÷íî¨ áàçè Scopus òà/àáî

Web of Science Core Collection [25�27] òà 10 � ó ìàòåðiàëàõ íàóêîâèõ

êîíôåðåíöié.
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Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòó-

ïó, òðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë òà äîäàòêiâ.

Çàãàëüíèé îáñÿã äèñåðòàöi¨ � 141 ñòîðiíêà. Ñïèñîê âèêîðèñòàíèõ äæåðåë

çàéìà¹ 10 ñòîðiíîê òà ìiñòèòü 69 íàéìåíóâàíü. Äîäàòêè çàéìàþòü 5 ñòî-

ðiíîê i ìiñòÿòü ñïèñîê ïóáëiêàöié çà òåìîþ äèñåðòàöi¨ òà âiäîìîñòi ïðî

àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨.
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ÐÎÇÄIË 1

ÏÎÏÅÐÅÄÍI ÂIÄÎÌÎÑÒI

1.1. Îãëÿä ëiòåðàòóðè òà ðåçóëüòàòiâ çà òåìàòèêîþ äè-

ñåðòàöi¨

Ãàóññiâñüêèé àíàëiç áiëîãî øóìó, òîáòî àíàëiç íà ïðîñòîði êâàäðà-

òè÷íî iíòåãðîâíèõ çà ãàóññiâñüêîþ ìiðîþ ôóíêöié íåñêií÷åíî¨ êiëüêîñòi

çìiííèõ òà ïîâ'ÿçàíèõ ç íèì ïðîñòîðàõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié,

çàïî÷àòêîâàíî íà ïî÷àòêó XX ñòîði÷÷ÿ ó ðîáîòàõ Ë. Áàøåëü¹ òà À. Åéí-

øòåéíà; çãîäîì áiëüø ñòðîãèé âèêëàä ç'ÿâèâñÿ ó ðîáîòàõ Í. Âiíåðà,

Ï. Ëåâi òà iíøèõ. Ó ñó÷àñíîìó ðîçóìiííi öÿ òåîðiÿ ðîçðîáëÿëàñü, ïî÷èíà-

þ÷è ç 70-òèõ ðîêiâ ìèíóëîãî ñòîði÷÷ÿ, ó ðîáîòàõ Þ.Ã. Êîíäðàòü¹âà [7�10]

(äèâ. òàêîæ [11, 12, 18, 51]) òà, íåçàëåæíî âiä íüîãî, Ò. Õiäè [32, 33] (äèâ.

òàêîæ [34,68]), à òàêîæ ¨õ ñïiâðîáiòíèêiâ i ó÷íiâ, çãîäîì äî öi¹¨ òåìàòèêè

ïiäêëþ÷èëàñü âåëèêà êiëüêiñòü ôàõiâöiâ. Íà ñüîãîäíi çãàäàíà òåîðiÿ ìà¹

÷èñëåííi çàñòîñóâàííÿ ó áàãàòüîõ ðîçäiëàõ ìàòåìàòèêè òà ôiçèêè.

Çàóâàæèìî, ùî êëþ÷îâó ðîëü ïðè ïîáóäîâi íèçêè îá'¹êòiâ ãàóññiâ-

ñüêîãî àíàëiçó áiëîãî øóìó (íàïðèêëàä, ðîçøèðåíîãî ñòîõàñòè÷íîãî ií-

òåãðàëà [37,65], ñòîõàñòè÷íî¨ ïîõiäíî¨ Õiäè [32], îïåðàòîðiâ ñòîõàñòè÷íîãî

äèôåðåíöiþâàííÿ [15,16,68]) âiäiãðà¹ òàê çâàíà âëàñòèâiñòü õàîòè÷íîãî

ðîçêëàäó (ÂÕÐ), ÿêà ïîëÿãà¹, ãðóáî êàæó÷è, ó òîìó, ùî êîæíó êâàäðà-

òè÷íî iíòåãðîâíó âèïàäêîâó âåëè÷èíó ìîæíà ïðåäñòàâèòè ó âèãëÿäi ðÿäó

ç ïîâòîðíèõ ñòîõàñòè÷íèõ iíòåãðàëiâ Iòî âiä íåâèïàäêîâèõ ôóíêöié (äèâ.

äåòàëüíiøå, íàïðèêëàä, [57]).

Ó çàäà÷àõ, ùî âèíèêàþòü, çîêðåìà, ó ñòîõàñòè÷íîìó àíàëiçi, ìàòå-

ìàòè÷íié ôiçèöi, òåîði¨ êâàíòîâèõ ïîëiâ, ïðèðîäíèì ÷èíîì ç'ÿâëÿþòüñÿ

íå ëèøå ãàóññiâñüêi âèïàäêîâi ïðîöåñè. Òîìó iñíó¹ íåîáõiäíiñòü ó ðîç-
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áóäîâi àíàëîãiâ ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó äëÿ íåãàóññiâñüêèõ

ïðîöåñiâ òà âiäïîâiäíèõ éìîâiðíiñíèõ ìið. Îäíèìè iç òèõ, ùî íàéáiëüø

øèðîêî çàñòîñîâóþòüñÿ, ¹ òàê çâàíi ïðîöåñè Ëåâi (íåïåðåðâíi çà éìî-

âiðíiñòþ âèïàäêîâi ïðîöåñè çi ñòàöiîíàðíèìè íåçàëåæíèìè ïðèðîñòàìè,

äèâ. äåòàëüíiøå [20, 61, 62]). Ñóòò¹âîþ ïðîáëåìîþ ïðè ïîáóäîâi àíàëi-

çó áiëîãî øóìó Ëåâi ¹ âiäñóòíiñòü ó ïðîöåñiâ Ëåâi (êðiì ãàóññiâñüêîãî

òà ïóàññîíiâñüêîãî ÷àñòèííèõ âèïàäêiâ) ÂÕÐ [67]. Òèì íå ìåíø, iñíó-

þòü ðiçíi àíàëîãè çãàäàíî¨ âëàñòèâîñòi, çàïðîïîíîâàíi, çîêðåìà, ó ðî-

áîòàõ [21, 22, 36, 54, 58, 63]. Çàóâàæèìî, ùî çâ'ÿçêè ìiæ öèìè àíàëîãàìè

âèâ÷àþòüñÿ ó ðîáîòàõ [17,21,22,44,54,66,69] òà ií.

Íåõàé L � ïðîöåñ Ëåâi áåç ãàóññiâñüêî¨ ÷àñòèíè i çñóâó. Â ðî-

áîòi [44] ïîáóäîâàíi ðîçøèðåíèé ñòîõàñòè÷íèé iíòåãðàë Ñêîðîõîäà ïî L

i âiäïîâiäíà ñòîõàñòè÷íà ïîõiäíà Õiäè ó òåðìiíàõ óçàãàëüíåííÿ ÂÕÐ,

çàïðîïîíîâàíîãî �. Â. Ëèòâèíîâèì [54], íà ïðîñòîði êâàäðàòè÷íî iíòå-

ãðîâíèõ çà ìiðîþ áiëîãî øóìó Ëåâi âèïàäêîâèõ âåëè÷èí (L2) ; âñòàíîâ-

ëåíî äåÿêi âëàñòèâîñòi öèõ îïåðàòîðiâ; i ïîêàçàíî, ùî ðîçøèðåíi ñòîõà-

ñòè÷íi iíòåãðàëè, ïîáóäîâàíi ç âèêîðèñòàííÿì ðiçíèõ óçàãàëüíåíü ÂÕÐ,

ñïiâïàäàþòü. Ó ðîáîòàõ [24, 42] ñòîõàñòè÷íi iíòåãðàë i ïîõiäíà ïåðåíåñå-

íi íà ïðîñòîðè îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié ç îñíàùåíü (L2) , öå

äà¹ ìîæëèâiñòü ðîçøèðèòè êîëî ìîæëèâèõ çàñòîñóâàíü öèõ îïåðàòîðiâ.

Çîêðåìà, òåïåð ìîæíà âèçíà÷èòè ñòîõàñòè÷íèé iíòåãðàë i ïîõiäíó Õiäè

ÿê ëiíiéíi íåïåðåðâíi îïåðàòîðè.

Ðàçîì iç çãàäàíèìè îïåðàòîðàìè, ïðèðîäíî ââåñòè i âèâ÷àòè îïå-

ðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ â àíàëiçi áiëîãî øóìó Ëåâi, çà

àíàëîãi¹þ ç ãàóññiâñüêèì àíàëiçîì [15,16,68], Ãàìà-àíàëiçîì [38,39] i àíà-

ëiçîì Ìàéêñíåðà [40, 41]. Öi îïåðàòîðè òiñíî ïîâ'ÿçàíi ç ðîçøèðåíèì

ñòîõàñòè÷íèì iíòåãðàëîì Ñêîðîõîäà ïî ïðîöåñó Ëåâi òà ç âiäïîâiäíîþ

ñòîõàñòè÷íîþ ïîõiäíîþ Õiäè, i, çà àíàëîãi¹þ ç ãàóññiâñüêèì âèïàäêîì,

ìîæóòü áóòè âèêîðèñòàíi, çîêðåìà, äëÿ âèâ÷åííÿ âëàñòèâîñòåé ðîçøè-
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ðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà i âëàñòèâîñòåé ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ

ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó.

Äåòàëüíîìó âèâ÷åííþ îïåðàòîðiâ ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ

íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî

øóìó Ëåâi ïðèñâÿ÷åíî äðóãèé ðîçäië äèñåðòàöi¨, âiäïîâiäíi ðåçóëüòàòè

îïóáëiêîâàíî ó ðîáîòàõ [23�25,27].

Ùå îäíèì âàæëèâèì îá'¹êòîì ó ãàóññiâñüêîìó àíàëiçi áiëîãî øó-

ìó ¹ òàê çâàíå âiêiâñüêå ÷èñëåííÿ íà ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié,

òîáòî òåîðiÿ, ùî âèâ÷à¹ ïðèðîäíi àíàëîãè ïîòî÷êîâîãî äîáóòêó (âiêiâ-

ñüêèé äîáóòîê) i ãîëîìîðôíèõ ôóíêöié (âiêiâñüêi âåðñi¨ ãîëîìîðôíèõ

ôóíêöié) íà çãàäàíèõ ïðîñòîðàõ; à òàêîæ ñòîõàñòè÷íi äèôåðåíöiàëüíi

òà iíòåãðàëüíi ðiâíÿííÿ ç âiêiâñüêèì äîáóòêîì i âiêiâñüêèìè âåðñiÿìè

ãîëîìîðôíèõ ôóíêöié (ñòîõàñòè÷íi ðiâíÿííÿ ç íåëiíiéíîñòÿìè âiêiâñüêî-

ãî òèïó), ÿêi âèêîðèñòîâóþòüñÿ äëÿ ìîäåëþâàííÿ ôiçè÷íèõ ïðîöåñiâ òà

ìàþòü ÷èñëåííi çàñòîñóâàííÿ ó ðiçíèõ ðîçäiëàõ ìàòåìàòèêè òà ôiçèêè.

Öèì ïèòàííÿì ïðèñâÿ÷åíî, çîêðåìà, ðîáîòè [50, 52, 53, 59, 60]. ×èñëåííi

óçàãàëüíåííÿ âiêiâñüêîãî ÷èñëåííÿ íà íåãàóññiâüêi âèïàäêè âèêîíóâàëèñü

âåëèêîþ êiëüêiñòþ ôàõiâöiâ. ßê ïðèêëàä, ìîæíà çãàäàòè ç öüîãî ïðèâîäó

ðîáîòè [21,22,26,45,46,55,56].

Ó òðåòüîìó ðîçäiëi äèñåðòàöi¨, çà àíàëîãi¹þ ç [45], ìè çàïðîâàäèëè

i âèâ÷èëè âiêiâñüêèé äîáóòîê òà âiêiâñüêi âåðñi¨ ãîëîìîðôíèõ ôóíêöié

íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó

Ëåâi; à òàêîæ ðîçãëÿíóëè ïðèêëàäè ñòîõàñòè÷íèõ iíòåãðàëüíèõ ðiâíÿíü

ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó.

1.2. Ïðîöåñè Ëåâi

Íåõàé R+ := [0; +∞) . Ðîçãëÿíåìî äiéñíîçíà÷íèé ëîêàëüíî êâà-

äðàòè÷íî iíòåãðîâíèé ïðîöåñ Ëåâi L = (Lt)t∈R+
áåç ãàóññiâñüêî¨ ÷àñòèíè
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i çñóâó. Öå íåïåðåðâíèé çà éìîâiðíiñòþ âèïàäêîâèé ïðîöåñ íà R+ çi

ñòàöiîíàðíèìè íåçàëåæíèìè ïðèðîñòàìè, L0 = 0 [20, 61, 62]. Âiäîìî

(äèâ., íàïðèêëàä, [22]), ùî õàðàêòåðèñòè÷íà ôóíêöiÿ äëÿ L ìà¹ âèãëÿä

E[eiθLt] = exp

t∫
R

(eiθx − 1− iθx)ν(dx)

 . (1.1)

Òóò ν � ìiðà Ëåâi ïðîöåñó L , òîáòî ìiðà íà (R, B(R)) , äå B � áî-

ðåëiâñüêà σ− àëãåáðà, E � ìàòåìàòè÷íå ñïîäiâàííÿ. Áóäåìî ââàæàòè,

ùî ν � ìiðà Ðàäîíà, ¨¨ íîñié ìiñòèòü íåñêií÷åííó êiëüêiñòü òî÷îê,

ν({0}) = 0 , iñíó¹ ε > 0 , òàêå, ùî

∫
R

x2eε|x|ν(dx) <∞,

i

∫
R

x2ν(dx) = 1. (1.2)

Äàìî âèçíà÷åííÿ ìiðè áiëîãî øóìó ïðîöåñó Ëåâi L . Ïîçíà÷èìî

D � ìíîæèíó âñiõ äiéñíîçíà÷íèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié

íà R+ , ùî ìàþòü êîìïàêòíi íîñi¨. Âiäîìî, ùî íà D ìîæíà ââåñòè òî-

ïîëîãiþ ïðîåêòèâíî¨ ãðàíèöi, ÿêà ïîðîäæåíà ïðîñòîðàìè Ñîáîë¹âà [19, ñ.

475]. Íåõàé D′ � ìíîæèíà ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà D .

Ïîçíà÷èìî 〈ω, ϕ〉 := ω(ϕ) , äå ω ∈ D′ i ϕ ∈ D . Âiäîìî (äèâ. íàïðè-

êëàä, [19, ñ. 462]), ùî 〈·, ·〉 ìîæíà ðîçóìiòè ÿê ñïàðþâàííÿ, ïîðîäæåíå

ñêàëÿðíèì äîáóòêîì â ïðîñòîði L2(R+) êâàäðàòè÷íî iíòåãðîâíèõ çà

ìiðîþ Ëåáåãà äiéñíîçíà÷íèõ ôóíêöié íà R+ . Ìè çáåðåæåìî öå ïîçíà-
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÷åííÿ i äëÿ äóàëüíèõ ñïàðþâàíü ó òåíçîðíèõ ñòåïåíÿõ êîìïëåêñèôiêàöi¨

ëàíöþæêà D′ ⊃ L2(R+) ⊃ D.

Îçíà÷åííÿ 1.1. Ìiðîþ áiëîãî øóìó Ëåâi íàçèâà¹òüñÿ éìîâiðíiñíà ìiðà

µ íà (D′, C(D′)) (òóò C � öèëiíäðè÷íà σ− àëãåáðà), ïåðåòâîðåííÿ

Ôóð'¹ ÿêî¨ ìà¹ âèãëÿä

∫
D′

ei〈ω, φ〉µ(dω) = exp

 ∫
R+×R

(eiφ(u)x − 1− iφ(u)x)duν(dx)

 , φ ∈ D. (1.3)

Iñíóâàííÿ äàíî¨ ìiðè âèïëèâà¹ ç òåîðåìè Áîõíåðà-Ìiíëîñà [35].

Áóäåìî ââàæàòè, ùî C(D′) ïîïîâíåíà âiäíîñíî ìiðè áiëîãî øóìó

Ëåâi, òîáòî ìiñòèòü âñi ïiäìíîæèíè âñiõ âèìiðíèõ ìíîæèí O òàêèõ, ùî

µ(O) = 0 .

Ïîçíà÷èìî (L2) := L2(D′, C(D′), µ) � ïðîñòið êîìïëåêñíîçíà÷íèõ

êâàäðàòè÷íî iíòåãðîâíèõ çà µ ôóíêöié íà D′ ; i íåõàé H := L2(R+) .

Çà äîïîìîãîþ íèæíüîãî iíäåêñó C ìè áóäåìî ïîçíà÷àòè êîìïëåêñè-

ôiêàöi¨ ïðîñòîðiâ. Íàïðèêëàä, HC � êîìïëåêñèôiêàöiÿ H , åëåìåíòàìè

ÿêî¨ ¹ ôóíêöi¨ âèãëÿäó f+ ig, f, g ∈ H . Áóäåìî ïîçíà÷àòè ÷åðåç (·, ·)HC

äiéñíèé (òîáòî áiëiíiéíèé) ñêàëÿðíèé äîáóòîê â HC , òîäi äëÿ z ∈ HC,

‖z‖HC =
√

(z, z̄)HC . ßêùî ïiäñòàâèòè â (1.3) ϕ = tψ, t ∈ R, ψ ∈ D ,

âèêîðèñòàòè ðîçêëàä Òåéëîðà ïî t òà âðàõóâàòè (1.2), îòðèìà¹ìî

∫
D′

〈ω, ψ〉2µ(dω) =

∫
R+

(ψ(u))2du (1.4)

(öå âèïëèâà¹ òàêîæ ç ðåçóëüòàòiâ ðîáiò [54] i [22]). Ïîçíà÷èìî ÷åðåç 1A

iíäèêàòîð ìíîæèíè A . Âèêîðèñòîâóþ÷è (1.4), ìîæíà äîâåñòè (äèâ., íà-

ïðèêëàä, [24]), ùî óçàãàëüíåíå ñïàðþâàííÿ
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〈◦, 1[0, t)〉 := (L)2 − lim
k→∞
〈◦, ϕk〉,

äå 1[0, t) ∈ H i D 3 ϕk → 1[0, t) â H ïðè k →∞ , ¹ êîðåêòíî âèçíà÷å-

íèì i éîãî ìîæíà îòîòîæíèòè ç Lt , òîáòî ðîçóìiòè (〈◦, 1[0, t)〉)t∈R+
ÿê

ïðîöåñ Ëåâi íà (D′, C(D′), µ) . Çàóâàæèìî, ùî ôîðìàëüíî

L′t = 〈ω, 1[0, t)〉′ = 〈ω, δt〉 = ω(t),

òóò δt � äåëüòà-ôóíêöiÿ Äiðàêà, ñêîíöåíòðîâàíà â òî÷öi t . Îòæå,

áiëèé øóì Ëåâi L′ ¹ óçàãàëüíåíèì âèïàäêîâèì ïðîöåñîì (ó ñåíñi [30])

ç òðà¹êòîðiÿìè ç D′ , òà µ ¹ ìiðîþ L′ ó êëàñè÷íîìó ñåíñi [31].

1.3. Ëèòâèíiâñüêå óçàãàëüíåííÿ âëàñòèâîñòi õàîòè÷íî-

ãî ðîçêëàäó

Ïîçíà÷èìî ⊗̂ � ñèìåòðè÷íèé òåíçîðíèé äîáóòîê, Z+ := N ∪ {0} .

Íåõàé P ≡ P(D′) � ìíîæèíà ïîëiíîìiâ íà D′ , ùî ìiñòèòü íóëü òà

åëåìåíòè âèãëÿäó

f(ω) =

Nf∑
n=0

〈ω⊗n, f (n)〉, ω ∈ D′, Nf ∈ Z+, f
(n) ∈ D⊗̂nC , f (Nf ) 6= 0,

òóò Nf � ñòåïiíü ïîëiíîìà f ;

〈ω⊗0, f (0)〉 := f (0) ∈ D⊗̂0
C := C.

Ìiðà áiëîãî øóìó Ëåâi µ ìà¹ ãîëîìîðôíå ó íóëi ïåðåòâîðåííÿ Ëàïëàñà
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(öå âèïëèâà¹ ç âëàñòèâîñòåé ìiðè Ëåâi i ç (1.3), òàêîæ äèâ. [54]), òîìó

P ¹ ùiëüíîþ ìíîæèíîþ â (L2) [64].

Íåõàé Pn � ìíîæèíà ïîëiíîìiâ ñòåïåíÿ íå áiëüøå n , à Pn �

çàìèêàííÿ Pn â (L2) . Ïîçíà÷èìî

Pn := Pn 	 Pn−1, n ∈ N

(îðòîãîíàëüíà ðiçíèöÿ â (L2) ), P0 := P0 . Áà÷èìî, ùî

(L2) =
∞⊕
n=0

Pn.

Äëÿ f (n) ∈ D⊗̂nC , n ∈ Z+ , ïîçíà÷èìî ÷åðåç : 〈◦⊗n, f (n)〉 : îðòîãîíàëüíó

ïðîåêöiþ ìîíîìà 〈◦⊗n, f (n)〉 íà Pn . Âèçíà÷èìî äiéñíi (òîáòî áiëiíié-

íi) ñêàëÿðíi äîáóòêè (·, ·)ext â D⊗̂nC , n ∈ Z+ [54], ïîêëàâøè äëÿ

n ∈ Z+ , f (n), g(n) ∈ D⊗̂nC

(f (n), g(n))ext :=
1

n!

∫
D′

: 〈ω⊗n, f (n)〉 :: 〈ω⊗n, g(n)〉 : µ(dω).

Íåõàé | · |ext � âiäïîâiäíi íîðìè, òîáòî

|f (n)|ext =

√
(f (n), f (n))ext.

Ïîçíà÷èìî ÷åðåç H(n)
ext , n ∈ Z+ , ïîïîâíåííÿ D⊗̂nC âiäíîñíî íîðìè

| · |ext .

Äëÿ F (n) ∈ H(n)
ext âèçíà÷èìî âiêiâñüêèé ìîíîì

: 〈◦⊗n, F (n)〉 :
def
= (L2)− lim

k→∞
: 〈◦⊗n, f (n)

k 〉 :,
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äå D⊗̂nC 3 f
(n)
k → F (n) ïðè k →∞ â H(n)

ext .

Äîâåäåìî êîðåêòíiñòü äàíîãî âèçíà÷åííÿ. Ñïî÷àòêó ïîêàæåìî, ùî

ïîñëiäîâíiñòü

: 〈◦⊗n, fnk 〉 :, k ∈ N

¹ çáiæíîþ ó (L2) . Îñêiëüêè ïðîñòið (L2) ¹ ãiëüáåðòiâ (à òîìó, çîêðå-

ìà, ïîâíèé), äîñòàòíüî âñòàíîâèòè ¨¨ ôóíäàìåíòàëüíiñòü. Ñêîðèñòà¹ìîñü

çâ'ÿçêîì ìiæ íîðìàìè ó (L2) òà H(n)
ext , òîáòî

‖ : 〈◦⊗n, f (n)
k 〉 : ‖2

(L2) = n!|f (n)
k |

2
ext.

Ðîçãëÿíåìî ðiçíèöi ìîíîìiâ òà ïîðàõó¹ìî ¨õ íîðìè ó (L2) , ìàòèìåìî

‖ : 〈◦⊗n, f (n)
k 〉 : − : 〈◦⊗n, f (n)

l 〉 : ‖2
(L2) =

= ‖ : 〈◦⊗n, f (n)
k − f

(n)
l 〉 : ‖2

(L2) =

= n!|f (n)
k − f

(n)
l |

2
ext → 0 ïðè k, l→∞.

Îòæå, iñíó¹ ãðàíèöÿ

: 〈◦⊗n, F (n)〉 := lim
k→∞

: 〈◦⊗n, f (n)
k 〉 :

ó ïðîñòîði (L2) .

Äàëi, ìåòîäîì "çìiøàíèõ ïîñëiäîâíîñòåé" âñòàíîâèìî íåçàëåæíiñòü

: 〈◦⊗n, F (n)〉 : âiä âèáîðó ïîñëiäîâíîñòi, ùî àïðîêñèìó¹ F (n) .

Íåõàé f̃
(n)
k ∈ D⊗̂nC , k ∈ N � iíøà ïîñëiäîâíiñòü ãëàäêèõ ÿäåð òàêà,

ùî f̃
(n)
k → F (n) òà, âiäïîâiäíî,
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: 〈◦⊗n, f̃ (n)
k 〉 :→ ˜: 〈◦⊗n, F (n)〉 : ∈ (L2)

ïðè k →∞ .

Ðîçãëÿíåìî çìiøàíó ïîñëiäîâíiñòü f
(n)
1 , f̃

(n)
1 , f

(n)
2 , f̃

(n)
2 , . . . . Çðîçóìi-

ëî, ùî âîíà òàêîæ ïðÿìó¹ äî F (n) .

Îòæå,

: 〈◦⊗n, f (n)
1 〉 :, : 〈◦⊗n, f̃ (n)

1 〉 :, : 〈◦⊗n, f (n)
2 〉 :, : 〈◦⊗n, f̃ (n)

2 〉 : . . .

ïðÿìó¹ äî äåÿêî¨ ̂: 〈◦⊗n, F (n)〉 : ∈ (L2) . Àëå òîäi

̂: 〈◦⊗n, F (n)〉 : =: 〈◦⊗n, F (n)〉 :

òà

̂: 〈◦⊗n, F (n)〉 : = ˜: 〈◦⊗n, F (n)〉 :,

îñêiëüêè ãðàíèöÿ ïiäïîñëiäîâíîñòi ñïiâïàäà¹ ç ãðàíèöåþ ïîñëiäîâíîñòi.

Äëÿ âñiõ n ∈ Z+ ìíîæèíà {: 〈◦⊗n, f (n)〉 :| f (n) ∈ D⊗̂nC } ùiëüíà â

Pn , òîìó ñïðàâåäëèâà íàñòóïíà òåîðåìà ïðî ëèòâèíiâñüêå óçàãàëüíåííÿ

âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó (ÂÕÐ).

Òåîðåìà 1.1 (�. Â. Ëèòâèíîâ [54]). Âèïàäêîâà âåëè÷èíà F ∈ (L2) òîäi

i òiëüêè òîäi, êîëè iñíó¹ ¹äèíà ïîñëiäîâíiñòü ÿäåð F (n) ∈ H(n)
ext, n ∈ Z+ ,

òàêà, ùî

F =
∞∑
n=0

: 〈◦⊗n, F (n)〉 : (1.5)
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(ðÿä çáiãà¹òüñÿ â (L2) ) òà

‖F‖2
(L2) =

∫
D′

|F (ω)|2µ(dω) = E|F |2 =
∞∑
n=0

n!|F (n)|2ext <∞.

Îòæå, äëÿ F, G ∈ (L2) (äiéñíèé) ñêàëÿðíèé äîáóòîê çàïèøåòüñÿ

ó âèãëÿäi

(F, G)(L2) =

∫
D′

F (ω)G(ω)µ(dω) = E[FG] =
∞∑
n=0

n!(F (n), G(n))ext,

äå F (n), G(n) ∈ H(n)
ext � ÿäðà ç ðîçêëàäó (1.5) äëÿ F i G âiäïîâiäíî.

Çîêðåìà, äëÿ F (n) ∈ H(n)
ext i G(m) ∈ H(m)

ext , n, m ∈ Z+,

(: 〈◦⊗n, F (n)〉 :, : 〈◦⊗m, G(m)〉 :)(L2) =

∫
D′

: 〈ω⊗n, F (n)〉 :: 〈ω⊗m, G(m)〉 : µ(dω)

= E[: 〈◦⊗n, F (n)〉 :: 〈◦⊗m, G(m)〉 :] = δn,mn!(F (n), G(n))ext.

Òàêîæ â ïðîñòîði (L2)

: 〈◦⊗0, F (0)〉 := 〈◦⊗0, F (0)〉 = F (0)

i

: 〈◦, F (1)〉 := 〈◦, F (1)〉 [54].
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Äëÿ ïîäàëüøî¨ ðîáîòè ç ïðîñòîðàìè H(n)
ext , âèïèøåìî ÿâíi ôîð-

ìóëè äëÿ ñêàëÿðíèõ äîáóòêiâ (·, ·)ext [25, 54]. Ïðè n = 0 ìàòèìåìî

(F (0), G(0))H(0)
ext

= F (0)·G(0) . Ïîçíà÷èìî ‖·‖ν � íîðìà â ïðîñòîði L2(R, ν)

êâàäðàòè÷íî iíòåãðîâíèõ çà ìiðîþ ν äiéñíîçíà÷íèõ ôóíêöié íà R . Íå-

õàé

pn(x) := xn + an, n−1x
n−1 + · · ·+ an, 1x, an, j ∈ R, j ∈ {1, . . . , n− 1}, n ∈ N,

(1.6)

îðòîãîíàëüíi ïîëiíîìè â L2(R, ν) , òîáòî äëÿ íàòóðàëüíèõ ÷èñåë n, m ,

n 6= m ,

∫
R

pn(x)pm(x)ν(dx) = 0.

Äëÿ F (n), G(n) ∈ H(n)
ext, n ∈ N , çà àíàëîãi¹þ ç [54], îòðèìà¹ìî

(F (n), G(n))ext = (F (n), G(n))H(n)
ext

=
∑

k,lj ,sj∈N:j=1,...,k, l1>l2>···>lk,
l1s1+···+lksk=n

n!

s1! . . . sk!

×
(
‖pl1‖ν
l1!

)2s1

. . .

(
‖plk‖ν
lk!

)2sk

×
∫

Rs1+···+sk+

F (n)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1, . . . , us1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)

×G(n)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1, . . . , us1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)

×du1 . . . dus1+···+sk.

(1.7)

Çîêðåìà, ïðè n = 1
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(F (1), G(1))ext = ‖p1‖2
ν〈F (1), G(1)〉 = 〈F (1), G(1)〉,

îñêiëüêè ç (1.6) âèïëèâà¹, ùî p1(x) = x i, îòæå, â ñèëó (1.2) ‖p1‖ν = 1 ;

ÿêùî n = 2 , òî

(F (2), G(2))ext = ‖p1‖4
ν〈F (2), G(2)〉+

‖p2‖2
ν

2

∫
R+

f (2)(u, u)g(2)(u, u)du,

i ò. ä.

Ç (1.7) âèïëèâà¹, ùî

H(1)
ext = HC ≡ L2(R+)C.

Ïðîñòið H⊗̂nC äëÿ n ∈ N \ {1} ìîæíà ðîçóìiòè ÿê âëàñíèé ïiäïðî-

ñòið H(n)
ext , ÿêèé ñêëàäà¹òüñÿ iç åëåìåíòiâ, ùî "çíèêàþòü íà äiàãîíà-

ëÿõ" (òîáòî, ãðóáî êàæó÷è, F (n)(u1, . . . , un) = 0 ÿêùî iñíóþòü òàêi

k, j ∈ {1, . . . , n} , ùî k 6= j , àëå uk = uj ). Â öüîìó ñåíñi H(n)
ext ¹ ðîç-

øèðåííÿì H⊗̂nC (ñàìå òîìó âèêîðèñòîâó¹òüñÿ iíäåêñ ext â ïîçíà÷åííÿõ

H(n)
ext , (·, ·)ext i | · |ext ).

1.4. Ðåãóëÿðíå îñíàùåííÿ (L2)

Ïîçíà÷èìî

PW := {f =

Nf∑
n=0

: 〈◦⊗n, f (n)〉 :, f (n) ∈ D⊗̂nC , Nf ∈ Z+} ⊂ (L2).

Çà óìîâ÷àííÿì ïðèéìà¹ìî β ∈ [0, 1], q ∈ Z ó âèïàäêó êîëè β ∈ (0, 1] ,

i q ∈ Z+ ÿêùî β = 0 . Âèçíà÷èìî ñêàëÿðíi äîáóòêè (·, ·)q, β íà PW .
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Ïîêëàäåìî äëÿ

f =

Nf∑
n=0

: 〈◦⊗n, f (n)〉 :, g =

Ng∑
n=0

: 〈◦⊗n, g(n)〉 :∈ PW

(f, g)q, β =

min(Nf , Ng)∑
n=0

(n!)1+β2qn(f (n), g(n))ext.

Òóò (f, f)q, β = 0 òîäi i òiëüêè òîäi, êîëè f = 0 â (L2) . Ñïðàâäi,

(f, f)q, β =

Nf∑
n=0

(n!)1+β2qn|f (n)|2H(n)
ext

= 0

òîäi i òiëüêè òîäi, êîëè |f (n)|2
H(n)
ext

= 0 äëÿ êîæíîãî n ∈ {0, . . . , Nf} ,

òîáòî

‖f‖2
(L2) =

Nf∑
n=0

n!|f (n)|2H(n)
ext

= 0,

îòæå, f = 0 â (L2) . Â ðåçóëüòàòi ìè âèçíà÷èëè ñàìå ñêàëÿðíi äîáóòêè,

à íå êâàçiñêàëÿðíi.

Ïîçíà÷èìî ‖ · ‖q, β � íîðìè, ùî ïîðîäæåíi ñêàëÿðíèìè äîáóòêàìè,

òîáòî

‖f‖q, β =

√
(f, f)q, β.

Îçíà÷åííÿ 1.2. Íàçâåìî ïàðàìåòðèçîâàíèìè ïðîñòîðàìè òèïó Êîí-

äðàòü¹âà ðåãóëÿðíèõ îñíîâíèõ ôóíêöié (L2)βq ïîïîâíåííÿ PW çà íîð-

ìàìè ‖ · ‖q, β ; íåõàé òàêîæ
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(L2)β := pr lim
q→+∞

(L2)βq

(ïðîåêòèâíà ãðàíèöÿ ïðîñòîðiâ) [18,19].

Çðîçóìiëî, ùî F ∈ (L2)βq ÿêùî i òiëüêè ÿêùî F ìîæíà ïðåäñòà-

âèòè ó âèãëÿäi (1.5) ç F (n) ∈ H(n)
ext i

‖F‖2
q, β := ‖F‖2

(L2)βq
=

∞∑
n=0

(n!)1+β2qn|F (n)|2ext <∞; (1.8)

à äëÿ F, G ∈ (L2)βq

(F, G)(L2)βq
=

∞∑
n=0

(n!)1+β2qn(F (n), G(n))ext,

äå F (n), G(n) ∈ H(n)
ext � ÿäðà ç ðîçêëàäó (1.5) äëÿ F i G âiäïîâiäíî.

Òàêîæ F ∈ (L2)β ÿêùî i òiëüêè ÿêùî F ìîæíà ïðåäñòàâèòè ó âèãëÿäi

(1.5) i íîðìà (1.8) ¹ ñêií÷åííîþ äëÿ âñiõ q ∈ Z+ .

Òâåðäæåííÿ 1.1 (Ì. Î. Êà÷àíîâñüêèé [42]). Äëÿ âñiõ β ∈ (0, 1] i

q ∈ Z (òàê ñàìî, ÿê i äëÿ β = 0 i q ∈ Z+ ) ïðîñòið (L2)βq ùiëüíî i

íåïåðåðâíî âêëàäåíèé â (L2) .

Òåïåð ìîæåìî ðîçãëÿíóòè ëàíöþæîê

(L2)−β ⊃ (L2)−β−q ⊃ (L2) ⊃ (L2)βq ⊃ (L2)β, (1.9)

äå

(L2)−β−q , (L2)−β = ind lim
q→+∞

(L2)−β−q
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(iíäóêòèâíà ãðàíèöÿ ïðîñòîðiâ) [18,19] � äóàëüíi ïðîñòîðè äî (L2)βq , (L2)β

âiäïîâiäíî, âiäíîñíî (L2) .

Îçíà÷åííÿ 1.3. Ïðîñòîðè (L2)−β−q , (L2)−β íàçèâàþòüñÿ ïàðàìåòðèçî-

âàíèìè ïðîñòîðàìè òèïó Êîíäðàòü¹âà ðåãóëÿðíèõ óçàãàëüíåíèõ ôóí-

êöié.

Ç îçíà÷åííÿ ïðîñòîðiâ (L2)−β−q i çàãàëüíî¨ òåîði¨ äóàëüíîñòi âèïëè-

âà¹ íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 1.2 (Ì. Î. Êà÷àíîâñüêèé [42]). 1) Áóäü-ÿêà ðåãóëÿðíà óçà-

ãàëüíåíà ôóíêöiÿ F ∈ (L2)−β−q ìîæå áóòè ïðåäñòàâëåíà ÿê ôîð-

ìàëüíèé ðÿä (1.5) (ç êîåôiöi¹íòàìè F (n) ∈ H(n)
ext ), ÿêèé çáiãà¹òüñÿ

â (L2)−β−q , òîáòî,

‖F‖2
−q,−β := ‖F‖2

(L2)−β−q
=

∞∑
n=0

(n!)1−β2−qn|F (n)|2ext <∞, (1.10)

i, íàâïàêè, áóäü-ÿêèé ôîðìàëüíèé ðÿä (1.5) ç ñêií÷åííîþ íîðìîþ

(1.10) ¹ ðåãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ ç (L2)−β−q ;

2) äëÿ F, G ∈ (L2)−β−q ñêàëÿðíèé äîáóòîê ìà¹ âèãëÿä

(F, G)(L2)−β−q
=

∞∑
n=0

(n!)1−β2−qn(F (n), G(n))ext,

äå F (n), G(n) ∈ H(n)
ext � ÿäðà ç ðîçêëàäiâ (1.5) äëÿ F i G âiäïîâiäíî;

3) äóàëüíå ñïàðþâàííÿ ìiæ F ∈ (L2)−β−q i f ∈ (L2)βq , ïîðîäæåíå ñêà-

ëÿðíèì äîáóòêîì ó (L2) , ìà¹ âèãëÿä

〈〈F, f〉〉(L2) =
∞∑
n=0

n!(F (n), f (n))ext, (1.11)
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äå F (n), f (n) ∈ H(n)
ext � ÿäðà ç ðîçêëàäiâ (1.5) äëÿ F i f âiäïîâiäíî;

4) F ∈ (L2)−β ÿêùî i òiëüêè ÿêùî F ìîæíà ïðåäñòàâèòè ó âèãëÿäi

(1.5) i íîðìà (1.10) ¹ ñêií÷åííîþ äëÿ äåÿêîãî q ∈ Z+ .

Äàëi, ó öüîìó òà íàñòóïíîìó ðîçäiëàõ, ïîçíà÷åíî ïðîñòîðè (L2)βq ,

(L2) = (L2)0
0 , (L2)−β−q ç ëàíöþæêà (1.9) ÷åðåç (L2)βq , β ∈ [−1, 1] ,

q ∈ Z (ïðèéìà¹ìî öå çà óìîâ÷àííÿì). Â öèõ ïðîñòîðàõ íîðìè ìàòèìóòü

âèãëÿä (1.8). Çàóâàæèìî, ùî òåðìií "ðåãóëÿðíi óçàãàëüíåíi ôóíêöi¨" çà-

ñòîñîâó¹ìî äî åëåìåíòiâ ïðîñòîðiâ (L2)−β−q òà (L2)−β , áî ÿäðà ç ðîç-

êëàäiâ (1.5) äëÿ öèõ åëåìåíòiâ i ÿäðà ç ðîçêëàäiâ (1.5) äëÿ ðåãóëÿðíèõ

îñíîâíèõ ôóíêöié íàëåæàòü äî îäíèõ i òèõ ñàìèõ ïðîñòîðiâ.

1.5. Ñòîõàñòè÷íi iíòåãðàëè

Ðîçêëàä (1.5) äëÿ åëåìåíòiâ (L2)βq âèçíà÷à¹ içîìåòðè÷íèé içîìîð-

ôiçì (óçàãàëüíåíèé içîìîðôiçì Âiíåðà-Iòî-Ñiãàëà)

I : (L2)βq →
∞⊕
n=0

(n!)1+β2qnH(n)
ext,

äå

∞⊕
n=0

(n!)1+β2qnH(n)
ext

� çâàæåíèé ðîçøèðåíèé ïðîñòið Ôîêà. Òîáòî, äëÿ F ∈ (L2)βq ç ðîçêëà-

äîì (1.5):

IF = (F (0), F (1), . . . , F (n), . . .) ∈
∞⊕
n=0

(n!)1+β2qnH(n)
ext.
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Ïîçíà÷èìî 1 : HC → HC � òîòîæíèé îïåðàòîð. Òîäi îïåðàòîð

I⊗ 1 : (L2)βq ⊗HC →
∞⊕
n=0

(n!)1+β2qn(H(n)
ext ⊗HC)

¹ içîìåòðè÷íèì içîìîðôiçìîì ìiæ ïðîñòîðàìè (L2)βq ⊗HC i

∞⊕
n=0

(n!)1+β2qn(H(n)
ext ⊗HC).

Äëÿ áóäü-ÿêèõ m ∈ Z+ i F.(m) ∈ H(m)
ext ⊗HC , âåêòîð

(0, . . . , 0︸ ︷︷ ︸
m

, F.(m), 0, . . .)

íàëåæèòü

∞⊕
n=0

(n!)1+β2qn(H(n)
ext ⊗HC).

Ïîêëàäåìî

: 〈◦⊗m, F.(m)〉 :
def
= (I⊗ 1)−1(0, . . . , 0︸ ︷︷ ︸

m

, F.(m), 0, . . .) ∈ (L2)βq ⊗HC. (1.12)

Òàê ïîáóäîâàíi åëåìåíòè : 〈◦⊗m, F.(m)〉 :, m ∈ Z+, óòâîðþþòü îðòîãî-

íàëüíèé áàçèñ â ïðîñòîði (L2)βq ⊗ HC . Îòæå, F ∈ (L2)βq ⊗ HC ìîæíà

ïðåäñòàâèòè ó âèãëÿäi

F (·) =
∞∑
n=0

: 〈◦⊗n, F.(n)〉 :, F.(n) ∈ H(n)
ext ⊗HC (1.13)

(ðÿä çáiãà¹òüñÿ â (L2)βq ⊗HC ), ç



43

‖F‖2
(L2)βq⊗HC

=
∞∑
n=0

(n!)1+β2qn|F (n)
· |2H(n)

ext⊗HC
<∞. (1.14)

Äàëi, ðîçãëÿíåìî ëàíöþæîê (ïîðiâíþþ÷è ç (1.9))

(L2)−β−q ⊗HC ⊃ (L2)⊗HC ⊃ (L2)βq ⊗HC,

òóò β ∈ [0, 1] , q ∈ Z ÿêùî β > 0 àáî q ∈ Z+ ÿêùî β = 0 . Çðîçóìi-

ëî, ùî äóàëüíå ñïàðþâàííÿ ìiæ F ∈ (L2)−β−q ⊗ HC i f ∈ (L2)βq ⊗ HC ,

ïîðîäæåíå ñêàëÿðíèì äîáóòêîì â (L2)⊗HC , ìà¹ ôîðìó

〈〈F, f〉〉(L2)⊗HC =
∞∑
n=0

n!(F (n)
· , f (n)

· )H(n)
ext⊗HC

, (1.15)

äå F
(n)
· , f

(n)
· ∈ H(n)

ext⊗HC � ÿäðà ç ðîçêëàäó (1.13) äëÿ F i f âiäïîâiäíî

(ïîðiâíþþ÷è ç (1.11)).

Ðîçãëÿíåìî êîíñòðóêöiþ ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà, ùî

áàçó¹òüñÿ íà ðîçêëàäi (1.13) (äåòàëüíiøå äèâ. [42,44]).

Äëÿ F.(n) ∈ H(n)
ext ⊗ HC, n ∈ N, âèáåðåìî ïðåäñòàâíèêà (ôóíêöiþ)

ḟ .(n) ∈ F.(n) , òàêîãî, ùî

ḟ (n)
u (u1, . . . , un) = 0, ÿêùî iñíó¹ k ∈ {1, . . . , n}, u = uk. (1.16)

Íåõàé ∆ ⊆ R+ � áîðåëiâñüêà ìíîæèíà (åëåìåíò σ -àëãåáðè, ÿêà ïî-

ðîäæåíà âiäêðèòèìè ìíîæèíàìè) i f̂
(n)
∆ � ñèìåòðèçàöiÿ ḟ .(n)1∆(·) çà

n + 1 çìiííîþ. Âèçíà÷èìî F̂
(n)
∆ ∈ H(n+1)

ext ÿê êëàñ åêâiâàëåíòíîñòi â

H(n+1)
ext , ïîðîäæåíèé f̂

(n)
∆ (òîáòî f̂

(n)
∆ ∈ F̂ (n)

∆ ).

Ëåìà 1.1 (Ì. Î. Êà÷àíîâñüêèé [42,44]). Äëÿ êîæíîãî
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F.(n) ∈ H(n)
ext ⊗HC, n ∈ N,

åëåìåíò F̂
(n)
∆ ∈ H(n+1)

ext êîðåêòíî âèçíà÷åíèé (çîêðåìà, F̂
(n)
∆ íå çàëå-

æèòü âiä âèáîðó ïðåäñòàâíèêà ḟ .(n) ∈ F.(n) , ÿêèé çàäîâîëüíÿ¹ (1.16)) i

|F̂ (n)
∆ |ext ≤ |F.

(n)1∆(·)|H(n)
ext⊗HC

≤ |F.(n)|H(n)
ext⊗HC

. (1.17)

Îçíà÷åííÿ 1.4. Âèçíà÷èìî ðîçøèðåíèé ñòîõàñòè÷íèé iíòåãðàë

∫
∆

◦(u)d̂Lu : (L2)βq ⊗HC → (L2)βq−1 (1.18)

ôîðìóëîþ

∫
∆

F (u)d̂Lu :=
∞∑
n=0

: 〈◦⊗n+1, F̂
(n)
∆ 〉 :, (1.19)

äå

F̂
(0)
∆ := F.(0)1∆(·) ∈ HC = H(1)

ext,

i F̂
(n)
∆ ∈ H(n+1)

ext , n ∈ N , ïîáóäîâàíi çà ÿäðàìè F.(n) ∈ H(n)
ext ⊗ HC ç

ðîçêëàäó (1.13) äëÿ F .

Äàíèé iíòåãðàë ¹ ëiíiéíèì íåïåðåðâíèì îïåðàòîðîì (äåòàëüíiøå

äèâ. [24, 42]). Áiëüø òîãî, ÿêùî F ¹ iíòåãðîâíîþ çà Iòî ôóíêöi¹þ

(òîáòî F ∈ (L2) ⊗ HC i óçãîäæåíà ç ïîòîêîì σ -àëãåáð, ïîðîäæåíèõ
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ïðîöåñîì Ëåâi L ), òî F áóäå iíòåãðîâíîþ i ó ðîçøèðåíîìó ñåíñi i

∫
∆

F (u)d̂Lu =

∫
∆

F (u)dLu ∈ (L2),

äå

∫
∆

F (u)dLu

� ñòîõàñòè÷íèé iíòåãðàë Iòî (äåòàëüíiøå äèâ. [44]) (öå ïîÿñíþ¹, ÷îìó

iíòåãðàë

∫
∆

F (u)d̂Lu

íàçèâà¹òüñÿ ðîçøèðåíèì).

Òàêîæ ìîæíà âèçíà÷àòè ðîçøèðåíèé ñòîõàñòè÷íèé iíòåãðàë çà ôîð-

ìóëîþ (1.19) ÿê ëiíiéíèé îïåðàòîð

∫
∆

◦d̂Lu : (L2)βq ⊗HC → (L2)βq (1.20)

ßêùî β = −1 , òî öåé îïåðàòîð íåïåðåðâíèé [42], äëÿ β ∈ (−1, 1] öå

íå òàê. Àëå ÿêùî ìè ïðèéìåìî ìíîæèíóF ∈ (L2)βq ⊗HC :

∥∥∥∥∥∥
∫
∆

F (u)d̂Lu

∥∥∥∥∥∥
2

q, β

=
∞∑
n=0

((n+ 1)!)1+β2q(n+1)|F̂ (n)
∆ |

2
ext <∞


ÿê îáëàñòü âèçíà÷åííÿ iíòåãðàëà (1.20), òî îñòàííié áóäå çàìêíåíèì îïå-

ðàòîðîì [24,42]. Òàêîæ ðîçøèðåíèé ñòîõàñòè÷íèé iíòåãðàë ìîæíà âèçíà-

÷èòè çà ôîðìóëîþ (1.19) ÿê ëiíiéíèé íåïåðåðâíèé îïåðàòîð, ùî äi¹ ç
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(L2)β ⊗HC := pr lim
q→+∞

(L2)βq ⊗HC

â (L2)β , àáî ç

(L2)−β ⊗HC := ind lim
q→+∞

(L2)−β−q ⊗HC

â (L2)−β , òóò β ∈ [0, 1] .

Çàóâàæåííÿ 1.1. Ç âèùåñêàçàíîãî âèïëèâà¹, ùî

∫
∆

F (u)d̂Lu =

∫
R+

F (u)1∆(u)d̂Lu. (1.21)

Öå ïðåäñòàâëåííÿ ìîæíà âèêîðèñòàòè äëÿ âàæëèâîãî óçàãàëüíåííÿ.

Íåõàé ôóíêöiÿ

F : R+ → (L2)−β, β ∈ [0, 1],

òàêà, ùî F (·) 6∈ (L2)−β ⊗HC , àëå äëÿ äåÿêèõ Θ ∈ B(R+) (íàïðèêëàä,

òàêèõ, ùî ìiðà Ëåáåãà äëÿ Θ ¹ ñêií÷åííîþ) F (·)1Θ(·) ∈ (L2)−β ⊗ HC

(òàêi ôóíêöi¨ ÷àñòî âèíèêàþòü â çàäà÷àõ; íàïðèêëàä, â òåîði¨ ñòîõà-

ñòè÷íèõ ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó). Òåïåð äëÿ áóäü-

ÿêèõ âèìiðíèõ ∆ ⊆ Θ ìîæíà âèçíà÷èòè

∫
∆

F (u)d̂Lu

çà ôîðìóëîþ (1.21). Çðîçóìiëî, ùî âñå âèùåñêàçàíå çàëèøà¹òüñÿ ñïðà-

âåäëèâèì (ç òî÷íiñòþ äî î÷åâèäíèõ ìîäèôiêàöié) äëÿ âñiõ çãàäàíèõ

ñòîõàñòè÷íèõ iíòåãðàëiâ.
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1.6. Ñòîõàñòè÷íi ïîõiäíi

Íàãàäà¹ìî ïîíÿòòÿ ñòîõàñòè÷íî¨ ïîõiäíî¨ Õiäè â àíàëiçi áiëîãî øó-

ìó Ëåâi ó òåðìiíàõ ëèòâèíiâñüêîãî óçàãàëüíåííÿ ÂÕÐ [24, 42, 44]. Íåõàé

∆ ⊆ R+ � áîðåëiâñüêà ìíîæèíà.

Îçíà÷åííÿ 1.5. Âèçíà÷èìî ñòîõàñòè÷íó ïîõiäíó Õiäè

1∆(·)∂. : (L2)−β1−q → (L2)−β−q ⊗HC

ÿê ëiíiéíèé íåïåðåðâíèé îïåðàòîð, ñïðÿæåíèé äî ðîçøèðåíîãî ñòîõà-

ñòè÷íîãî iíòåãðàëà (1.18), òîáòî äëÿ âñiõ F ∈ (L2)βq ⊗ HC i G ∈

(L2)−β1−q

〈〈F (·), 1∆(·)∂.G〉〉(L2)⊗HC = 〈〈
∫
∆

F (u)d̂Lu, G〉〉(L2).

Êîëè çàìiñòü (1.18) âèêîðèñòîâóþòü iíòåãðàë (1.20), òî âiäïîâiäíà

ñòîõàñòè÷íà ïîõiäíà Õiäè áóäå ëiíiéíèì íåîáìåæåíèì (îêðiì âèïàäêó,

êîëè β = −1 ), àëå çàìêíåíèì îïåðàòîðîì ç îáëàñòþ âèçíà÷åííÿ

dom (1∆(·)∂.) = {G ∈ (L2)−β−q :

‖1∆(·)∂.G‖2
(L2)−β−q⊗HC

=
∞∑
n=0

(n!)1−β(n+ 1)22−qn|G(n+1)(·)1∆(·)|2
H

(n)
ext⊗HC

<∞}.

Òàêîæ ñòîõàñòè÷íó ïîõiäíó Õiäè ìîæíà âèçíà÷àòè ÿê ëiíiéíèé íåïåðåðâ-

íèé îïåðàòîð, ùî äi¹ ç (L2)β â (L2)β⊗HC (β ∈ [−1, 1]) i ¹ ñïðÿæåíèì

äî âiäïîâiäíîãî ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà. Áiëüøå òîãî, ñïðà-

âåäëèâå òàêå òâåðäæåííÿ.
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Òåîðåìà 1.2 (Ì. Î. Êà÷àíîâñüêèé, Ì. Ì. Ôðåé [24]). Íàñòóïíi îïåðà-

òîðè ¹ ñïðÿæåíèìè îäèí äî îäíîãî:

∫
∆

◦(u)d̂Lu : (L2)βq+1 ⊗HC → (L2)βq òà 1∆(·)∂. : (L2)−β−q → (L2)−β−q−1 ⊗HC;

∫
∆

◦(u)d̂Lu : (L2)βq ⊗HC → (L2)βq òà 1∆(·)∂. : (L2)−β−q → (L2)−β−q ⊗HC.

Äëÿ òîãî, ùîá âèïèñàòè ÿâíó ôîðìóëó äëÿ ñòîõàñòè÷íî¨ ïîõiäíî¨

Õiäè ó òåðìiíàõ ðîçêëàäiâ çà âiêiâñüêèìè ìîíîìàìè, ïîòðiáíà ïåâíà

ïiäãîòîâêà. Äëÿ G(n) ∈ H(n)
ext, n ∈ N , âèáåðåìî äîâiëüíîãî ïðåäñòàâíèêà

ġ(n) ∈ G(n) . Âiäîêðåìèâøè îäèí àðãóìåíò ġ(n) , ìàòèìåìî ġ(n)(·) , i äàëi

âèçíà÷èìî G(n)(·) ∈ H(n−1)
ext ⊗HC ÿê êëàñ åêâiâàëåíòíîñòi ó H(n−1)

ext ⊗HC ,

ïîðîäæåíèé ġ(n)(·) (òîáòî ġ(n)(·) ∈ G(n)(·) ).

Ëåìà 1.2 (Ì. Î. Êà÷àíîâñüêèé, [44]). Äëÿ êîæíîãî G(n) ∈ H(n)
ext, n ∈ N ,

åëåìåíò G(n)(·) ∈ H(n−1)
ext ⊗HC ¹ êîðåêòíî âèçíà÷åíèì (çîêðåìà, G(n)(·)

íå çàëåæèòü âiä âèáîðó ïðåäñòàâíèêà ġ(n) ∈ G(n) ) i

|G(n)(·)|H(n−1)
ext ⊗HC

≤ |G(n)|ext. (1.22)

Çàóâàæèìî, ùî ïðîñòið H(n)
ext, n ∈ N \ {1} , íå ìîæíà ââàæàòè

ïiäïðîñòîðîì H(n−1)
ext ⊗HC (íå çâàæàþ÷è íà (1.22)), áî ðiçíi åëåìåíòè ç

H(n)
ext ìîæóòü ñïiâïàäàòè ÿê åëåìåíòè ç H(n−1)

ext ⊗HC .

Òâåðäæåííÿ 1.3 (Ì. Î. Êà÷àíîâñüêèé, Ì. Ì. Ôðåé [24, 42, 44]). Äëÿ

îñíîâíî¨ àáî êâàäðàòè÷íî iíòåãðîâíî¨ àáî óçàãàëüíåíî¨ ôóíêöi¨ G âè-
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ãëÿäó (1.5)

1∆(·)∂.G =
∞∑
n=1

n : 〈◦⊗(n−1), G(n)(·)1∆(·)〉 :≡

≡
∞∑
n=0

(n+ 1) : 〈◦⊗n, G(n+1)(·)1∆(·)〉 : .

(1.23)
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ÐÎÇÄIË 2

ÎÏÅÐÀÒÎÐÈ ÑÒÎÕÀÑÒÈ×ÍÎÃÎ

ÄÈÔÅÐÅÍÖIÞÂÀÍÍß

2.1. Ñòîõàñòè÷íå äèôåðåíöiþâàííÿ íà ïðîñòîðàõ ðå-

ãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié

2.1.1. Âèïàäîê îáìåæåíèõ îïåðàòîðiâ

Äëÿ òîãî, ùîá âèçíà÷èòè îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâà-

ííÿ íà ïðîñòîðàõ (L2)βq , ïîòðiáíà ïåâíà ïiäãîòîâêà. Íàãàäà¹ìî, ùî ìè

ïðèéíÿëè çà óìîâ÷àííÿì β ∈ [−1, 1] , q ∈ Z i íåõàé n,m ∈ Z+ .

Ðîçãëÿíåìî ôóíêöiþ H : Rn+m → C . Ïîçíà÷èìî

H̃(u1, . . . , un;un+1, . . . , un+m) :=

:=


H(u1, . . . , un+m), ÿêùî ∀i∈{1,...,n}

∀j∈{n+1,...,n+m} ui 6=uj ,

0, â iíøèõ âèïàäêàõ

,

(2.1)

Âèáåðåìî äîâiëüíèõ ïðåäñòàâíèêiâ ḟ (n) ∈ F (n) , ġ(m) ∈ G(m) ç êëà-

ñiâ åêâiâàëåíòíîñòi F (n) ∈ H(n)
ext, G

(m) ∈ H(m)
ext , òà ïîêëàäåìî

˜f (n)g(m) := ˜ḟ (n) · ġ(m). (2.2)

Íåõàé ̂f (n)g(m) � ñèìåòðèçàöiÿ ˜f (n)g(m) çà âñiìà çìiííèìè, F (n)�G(m) ∈

H(n+m)
ext � êëàñ åêâiâàëåíòíîñòi â H(n+m)

ext , ïîðîäæåíèé ̂f (n)g(m) (òîáòî,
̂f (n)g(m) ∈ F (n) �G(m) ).

Íàñòóïíå òâåðäæåííÿ â ïåâíîìó ñåíñi ¹ óçàãàëüíåííÿì ëåìè 1.1.
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Ëåìà 2.1 ( [23], [25]). Åëåìåíò F (n) � G(m) ∈ H(n+m)
ext ¹ êîðåêòíî âè-

çíà÷åíèì (çîêðåìà, F (n) �G(m) íå çàëåæèòü âiä âèáîðó ïðåäñòàâíèêiâ

F (n) òà G(m) ) i ñïðàâåäëèâà îöiíêà

|F (n) �G(m)|ext ≤ |F (n)|ext|G(m)|ext. (2.3)

Çàóâàæåííÿ 2.1. Íåñòðîãî êàæó÷è, F (n) �G(m) ¹ ñèìåòðèçàöi¹þ ôóí-

êöi¨


F (n)(u1, . . . , un)G

(m)(un+1, . . . , un+m), ÿêùî ∀i∈{1,...,n}
∀j∈{n+1,...,n+m} ui 6=uj ,

0, â iíøèõ âèïàäêàõ

çà âñiìà àðãóìåíòàìè.

Äîâåäåííÿ. Äëÿ n = 0 ÷è m = 0 ëåìà ¹, î÷åâèäíî, ñïðàâåäëèâîþ.

Íåõàé n,m ∈ N , ḟ (n) ∈ F (n) , ġ(m) ∈ G(m) . Çðîçóìiëî, ùî

̂f (n)g(m)(u1, . . . , un;un+1, . . . , un+m) =

=
1

(n+m)!

∑
π∈Sn+m

˜f (n)g(m)(uπ(1), . . . , uπ(n+m)),
(2.4)

äå Sn+m � ìíîæèíà âñiõ ïåðåñòàíîâîê ÷èñåë 1, . . . , n+m . Áåç âòðàòè

çàãàëüíîñòi ìîæíà ââàæàòè, ùî ḟ (n) òà ġ(m) ¹ ñèìåòðè÷íèìè ôóí-

êöiÿìè, i m ≥ n . Äëÿ êîæíîãî íàáîðó àðãóìåíòiâ uπ(1), . . . , uπ(n) ìè

ðîçãëÿíåìî âñi äîäàíêè ç ñóìè (2.4) ç òàêèì íàáîðîì (çðîçóìiëî, ùî

¹ m! òàêèõ äîäàíêiâ). Áåðó÷è äî óâàãè ñèìåòðè÷íiñòü ġ(m) , ìîæíà

çðîáèòè âèñíîâîê, ùî âñi öi äîäàíêè ðiâíi ìiæ ñîáîþ, òîìó ¨õ ìîæíà

çàìiíèòè íà äîáóòîê îäíîãî ç íèõ íà m! . Ïiñëÿ öüîãî, ñêîðèñòàâøèñü
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çà àíàëîãi¹þ ñèìåòðè÷íiñòþ ḟ (n) , ïåðåïèøåìî ðiâíiñòü (2.4) ó âèãëÿäi

̂f (n)g(m)(u1, . . . , un;un+1, . . . , un+m) =
n!m!

(n+m)!
×

×
∑

1≤p1,...,pn≤n,n+1≤q1,...,qm≤n+m
0≤r≤n,p1<···<pr,pr+1<···<pn,q1<···<qn−r,qn−r+1<···<qm

˜f (n)g(m)(up1, . . . , upr , uq1, . . . , uqn−r ;

upr+1
, . . . , upn, uqn−r+1

, . . . , uqm)

(2.5)

(òóò äëÿ r = n àðãóìåíò ó ïðàâié ÷àñòèíi (2.5) (u1, . . . , un;un+1, . . . , un+m);

äëÿ r = 0 öåé àðãóìåíò (uq1, . . . , uqn;u1, . . . , un, uqn+1
, . . . , uqm)). Iíøèìè

ñëîâàìè, àðãóìåíòàìè ˜f (n)g(m) ó ñóìi (2.5) ¹ uj , j ∈ {1, . . . , n+m} , äå

iíäåêñè ïåðøèõ n i îñòàííiõ m àðãóìåíòiâ (äî òà ïiñëÿ ';') (íåçàëåæíî)

âïîðÿäêîâàíi ïî çðîñòàííþ. (Çàóâàæèìî, ùî ìè âèáðàëè âïîðÿäêîâóâà-

ííÿ çà çðîñòàííÿì iíäåêñiâ, êîëè âèêîðèñòîâóâàëè ñèìåòðè÷íiñòü ḟ (n) i

ġ(m) , òîìó, ùî öå çðó÷íî äëÿ ïîäàëüøèõ îá÷èñëåíü.)

Îöiíèìî | ̂f (n)g(m)|ext . Ïiäñòàâëÿþ÷è (2.5) ó âèðàç äëÿ | · |ext
(äèâ. (1.7)), îòðèìà¹ìî

| ̂f (n)g(m)|2ext =
∑

k,lj ,sj∈N:j=1,...,k,l1>l2>···>lk,
l1s1+···+lksk=n+m

(n+m)!

s1! . . . sk!

(
‖pl1‖ν
l1!

)2s1

. . .

(
‖plk‖ν
lk!

)2sk

×

×
∫
Rs1+···+sk+

| ̂f (n)g(m)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)|2×

×du1 . . . dus1+···+sk ≤

≤
∑

k,lj ,sj∈N:j=1,...,k,l1>···>lk,
l1s1+···+lksk=n+m

(n+m)!

s1! . . . sk!

(
‖pl1‖ν
l1!

)2s1

. . .

(
‖plk‖ν
lk!

)2sk ( n!m!

(n+m)!

)2
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×(n+m)!

n!m!

[ ∫
Rs1+···+sk+

| ˜f (n)g(m)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)|2×

×du1 . . . dus1+···+sk + . . .
]

=

=
∑

k,lj ,sj∈N:j=1,...,k,l1>···>lk,
l1s1+···+lksk=n+m

n!m!

s1! . . . sk!

(
‖pl1‖ν
l1!

)2s1

. . .

(
‖plk‖ν
lk!

)2sk

×

×
[ ∫

Rs1+···+sk+

| ˜f (n)g(m)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)|2×

×du1 . . . dus1+···+sk + . . .
]

(2.6)

(òóò âèêîðèñòàíà íåðiâíiñòü

|
p∑
l=1

al|2 ≤ p

p∑
l=1

|al|2

i òîé ôàêò, ùî ñóìà ó ïðàâié ÷àñòèíi (2.5) ìiñòèòü (n+m)!
n!m! äîäàíêiâ).

Íàáîðè ðiâíèõ àðãóìåíòiâ (íàïðèêëàä, u1, . . . , u1︸ ︷︷ ︸
l1

) íàçèâàòèìåìî êîðòå-

æàìè. Ç âïîðÿäêîâàíîñòi çà çðîñòàííÿì iíäåêñiâ ó (2.5) i ó âèðàçi äëÿ

| · |ext (äèâ. (2.6)) âèïëèâà¹, ùî ó äîäàíêàõ ó âíóòðiøíiõ ñóìàõ [. . . ] ç

(2.6) êîðòåæi ìîæóòü "ðîçðèâàòèñÿ" òiëüêè òàêèì ÷èíîì, ùî ðiçíi ÷à-

ñòèíè "ðîçiðâàíîãî" êîðòåæó áóäóòü ïî ðiçíi ñòîðîíè âiä ';'; êîðòåæi ïî

îäèí áiê âiä ';' íå ìiíÿþòüñÿ ìiñöÿìè; òà åëåìåíòè êîðòåæiâ íå ìiíÿþ-

òüñÿ ìiñöÿìè. Êðiì òîãî, ç êîíñòðóêöi¨ ˜f (n)g(m) âèïëèâà¹, ùî äîäàíêè ó

âíóòðiøíiõ ñóìàõ [. . . ] â (2.6), â ÿêèõ ¹ êîðòåæ, ðîçäiëåíèé çíàêîì ';',

äîðiâíþþòü íóëåâi. Iíøi äîäàíêè (ÿêùî iñíóþòü äëÿ íàáîðó k, lj, sj )

ðîçïàäàþòüñÿ íà ãðóïè ðiâíèõ ìiæ ñîáîþ iíòåãðàëiâ. Öi ðiâíi ìiæ ñîáîþ

iíòåãðàëè âèíèêàþòü çà ðàõóíîê âçà¹ìíèõ ïåðåñòàíîâîê êîðòåæåé ðiâíî¨
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äîâæèíè, ùî ðîçòàøîâàíi ïåðåä ';' òà ïiñëÿ ';'. Çðîçóìiëî, ùî ÿêùî ïå-

ðåä ';' ñòî¨òü s′ êîðòåæåé äîâæèíè l òà ïiñëÿ ';' ñòî¨òü s′′ êîðòåæiâ

äîâæèíè l , òî çà ðàõóíîê âçà¹ìíèõ ïåðåñòàíîâîê öèõ êîðòåæiâ ìîæíà

îòðèìàòè (s′+s′′)!
s′!s′′! ðiâíèõ äîäàíêiâ.

Íåíóëüîâi äîäàíêè ó ñóìi (2.6) "ïîâ'ÿçàíi" ç âèðàçàìè

l1s1 + · · ·+ lksk = n+m, (2.7)

ÿêi ìîæíà ïðåäñòàâèòè ó âèãëÿäi

l′1s
′
1 + · · ·+ l′k′s

′
k′ = n, l′′1s

′′
1 + · · ·+ l′′k′′s

′′
k′′ = m,

k′, k′′, l′1, . . . , l
′
k′, s

′
1, . . . , s

′
k′, l
′′
1 , . . . , l

′′
k′′, s

′′
1, . . . , s

′′
k′′ ∈ N,

l′1 > · · · > l′k′, l
′′
1 > · · · > l′′k′′

(2.8)

(ïåðøà ñóìà ó (2.8) "âiäïîâiäà¹" çà ïåðøi n àðãóìåíòiâ ˜f (n)g(m) , äðó-

ãà � çà îñòàííi m ). Çàðàç äëÿ êîæíîãî sj ç (2.7) àáî iñíó¹ s′i = sj

( l′i = lj ), àáî iñíó¹ s′′i = sj ( l′′i = lj ), àáî iñíóþòü s′i òà s′′w òàêi, ùî

s′i + s′′w = sj (l′i = l′′w = lj).

Íåðiâíîñòi äëÿ l′·, l
′′
· ó (2.8) âèïëèâàþòü ç íåðiâíîñòåé l1 > · · · > lk

òà âïîðÿäêîâàíîñòi iíäåêñiâ àðãóìåíòiâ ó (2.5) (áiëüø "äîâãi" êîðòåæi

ìàþòü ìåíøi iíäåêñè àðãóìåíòiâ).

Çàìiíèìî êîæíó ãðóïó ðiâíèõ ìiæ ñîáîþ äîäàíêiâ ó (2.6) îäíèì

ïðåäñòàâíèêîì, ïîìíîæåíèì íà êiëüêiñòü äîäàíêiâ ó ãðóïi. Òåïåð, áåðó÷è

äî óâàãè, ùî ws′+s′′ = ws′ws′′ , ìîæíà ïåðåïèñàòè ïðàâó ÷àñòèíó (2.6) ó

âèãëÿäi
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∑
l′1s
′
1+···+l

′
k′
s′
k′

=n, l′′1 s
′′
1+···+l

′′
k′′
s′′
k′′

=m,

k′,k′′,l′1,...,l
′
k′
,s′1,...,s

′
k′
,l′′1 ,...,l

′′
k′′
,s′′1 ,...,s

′′
k′′
∈N,

l′1>···>l
′
k′
, l′′1>···>l

′′
k′′

n!m!

s′1! . . . s
′
k′!s
′′
1! . . . s′′k′′!

×

×
(‖pl′1‖ν

l′1!

)2s′1

. . .

(
‖pl′

k′
‖ν

l′k′!

)2s′
k′ (‖pl′′1‖ν

l′′1 !

)2s′′1

. . .

(
‖pl′′

k′′
‖ν

l′′k′′!

)2s′′
k′′

×

×
∫
R
s′1+···+s

′
k′

+s′′1+···+s
′′
k′′

+

| ˜f (n)g(m)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

;

un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

)|2×

×du1 . . . dus′1+···+s′
k′
dun+1 . . . dun+s′′1+···+s′′

k′′
.

(2.9)

Îñêiëüêè ìiðà Ëåáåãà ¹ íåàòîìàðíîþ, òî â öié ñóìi ˜f (n)g(m) ìîæíà çà-

ìiíèòè íà ḟ (n)ġ(m) , îòæå ñóìà (2.9) äîðiâíþ¹ |ḟ (n)|2ext|ġ(m)|2ext , çâiäêè

| ̂f (n)g(m)|ext ≤ |ḟ (n)|ext|ġ(m)|ext. (2.10)

Ç öi¹¨ íåðiâíîñòi âèïëèâà¹, ùî ̂f (n)g(m) ïîðîäæó¹ åëåìåíò F (n) �G(m) ç

H(n+m)
ext i âèêîíó¹òüñÿ îöiíêà (2.3)

Íåõàé ḟ
(n)
1 ∈ F (n) , ġ(m)

1 ∈ G(m) � iíøi ïðåäñòàâíèêè F (n) i G(m) ,

F
(n)
1 � G(m)

1 � âiäïîâiäíèé åëåìåíò H(n+m)
ext . Âèêîðèñòîâóþ÷è î÷åâèäíó

ëiíiéíiñòü îïåðàöi¨ ◦̂ i îöiíêó (2.10), îòðèìà¹ìî
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|F (n) �G(m) − F (n)
1 �G(m)

1 |ext = | ̂f (n)g(m) − ̂
f

(n)
1 g

(m)
1 |ext ≤

≤ | ̂f (n)g(m) − ̂
f (n)g

(m)
1 |ext + | ̂f (n)g

(m)
1 − ̂

f
(n)
1 g

(m)
1 |ext =

= | ̂
f (n)(g(m) − g(m)

1 )|ext + | ̂
(f (n) − f (n)

1 )g
(m)
1 |ext ≤

≤ |ḟ (n)|ext|ġ(m) − ġ(m)
1 |ext + |ḟ (n) − ḟ (n)

1 |ext|ġ
(m)
1 |ext = 0,

îòæå, F (n) �G(m) íå çàëåæèòü âiä âèáîðó ïðåäñòàâíèêiâ F (n) òà G(m) .

Äîáóòîê � ¹ àíàëîãîì ñèìåòðè÷íîãî òåíçîðíîãî äîáóòêó íà ïðî-

ñòîðàõ H(n)
ext . Çîêðåìà, çà ïîáóäîâîþ âií ¹ êîìóòàòèâíèì, àñîöiàòèâíèì

òà äèñòðèáóòèâíèì.

Íåõàé

F (m) ∈ H(m)
ext , f

(n) ∈ H(n)
ext, m > n.

Âèçíà÷èìî ÷àñòèííèé äîáóòîê (f (n), F (m))ext ∈ H(m−n)
ext , ïîêëàâøè äëÿ

êîæíîãî g(m−n) ∈ H(m−n)
ext

(g(m−n), (f (n), F (m))ext)ext = (f (n) � g(m−n), F (m))ext. (2.11)

Îñêiëüêè, çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî (äèâ. (2.3))

|(f (n) � g(m−n), F (m))ext| ≤ |f (n) � g(m−n)|ext|F (m)|ext ≤ |f (n)|ext|g(m−n)|ext|F (m)|ext,

öå âèçíà÷åííÿ êîðåêòíå i
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|(f (n), F (m))ext|ext ≤ |f (n)|ext|F (m)|ext. (2.12)

Îçíà÷åííÿ 2.1. Íåõàé n ∈ N, f (n) ∈ H(n)
ext. Âèçíà÷èìî îïåðàòîð ñòî-

õàñòè÷íîãî äèôåðåíöiþâàííÿ

(Dn◦)(f (n)) : (L2)βq → (L2)βq−1, (2.13)

ïîêëàâøè

(DnF )(f (n)) :=
∞∑
m=n

m!

(m− n)!
: 〈◦⊗(m−n), (F (m), f (n))ext〉 :≡

≡
∞∑
m=0

(m+ n)!

m!
: 〈◦⊗m, (F (m+n), f (n))ext〉 :,

(2.14)

äå F (m) ∈ H(m)
ext � ÿäðà ç ðîçêëàäó (1.5) äëÿ F .

Îïåðàòîð (2.14) ¹, î÷åâèäíî, ëiíiéíèì. Îñêiëüêè (äèâ. (1.8), (2.12))

‖(DnF )(f (n))‖2
q−1, β =

∞∑
m=0

(m!)1+β2(q−1)m

(
(m+ n)!

m!

)2

|(F (m+n), f (n))ext|2ext =

= 2−qn
∞∑
m=0

((m+ n)!)1+β2q(m+n)

[
2−m

(
(m+ n)!

m!

)1−β
]
|(F (m+n), f (n))ext|2ext ≤

≤ 2−qn|f (n)|2extc
∞∑
m=0

((m+ n)!)1+β2q(m+n)|F (m+n)|2ext ≤ 2−qn|f (n)|2extc‖F‖2
q, β,

(2.15)

äå

c = max
m∈Z+

[
2−m

(
(m+ n)!

m!

)1−β
]
,

öå îçíà÷åííÿ ¹ êîðåêòíèì i îïåðàòîð (2.13) ¹ îáìåæåíèì, à òîìó íåïå-
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ðåðâíèì. Áiëüøå òîãî, äëÿ êîæíîãî F ∈ (L2)βq (DnF )(◦) ¹ ëiíiéíèì

íåïåðåðâíèì îïåðàòîðîì, ùî äi¹ ç H(n)
ext â (L2)βq−1 .

Çàóâàæåííÿ 2.2. Äëÿ êîæíîãî f (n) ∈ H(n)
ext, n ∈ N , (Dn◦)(f (n)) ìî-

æíà âèçíà÷èòè çà ôîðìóëîþ (2.14) ÿê ëiíiéíèé íåïåðåðâíèé îïåðàòîð

íà (L2)β, β ∈ [−1, 1]. Ó âèïàäêó, êîëè β = 1 , ôîðìóëà (2.14) âèçíà÷à¹

ëiíiéíèé íåïåðåðâíèé îïåðàòîð (Dn◦)(f (n)) íà (L2)1
q, q ∈ Z . Ñïðàâäi,

‖(DnF )(f (n))‖2
q, 1 =

∞∑
m=0

(m!)22(q−1)m

(
(m+ n)!

m!

)2

|(F (m+n), f (n))ext|2ext =

= 2−qn
∞∑
m=0

((m+ n)!)22q(m+n)|(F (m+n), f (n))ext|2ext ≤

≤ 2−qn|f (n)|2extc
∞∑
m=0

((m+ n)!)22q(m+n)|F (m+n)|2ext ≤ 2−qn|f (n)|2extc‖F‖2
q, 1.

(2.16)

Ðîçãëÿíåìî îñíîâíi âëàñòèâîñòi îïåðàòîðiâ Dn . Ïîçíà÷èìî

∂. := 1[0,+∞)(·)∂.,

à òàêîæ D := D1 .

Òåîðåìà 2.1. 1) Äëÿ k1, . . . , km ∈ N, f (kj)
j ∈ H(kj)

ext , j ∈ {1, . . . ,m},

(Dkm(. . . (Dk2((Dk1◦)(f (k1)
1 )))(f

(k2)
2 ) . . . ))(f (km)

m ) =

= (Dk1+···+km◦)(f (k1)
1 � · · · � f (km)

m ).

(2.17)

2) Äëÿ êîæíîãî F ∈ (L2)βq ÿäðà ç ðîçêëàäó (1.5) F (n) ∈ H(n)
ext, n ∈ N ,
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ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi

F (n) =
1

n!
E(DnF ),

òîáòî, äëÿ âñiõ

f (n) ∈ H(n)
ext(F

(n), f (n))ext =
1

n!
E((DnF )(f (n))),

òóò E◦ = 〈〈◦, 1〉〉(L2) � óçàãàëüíåíå ìàòåìàòè÷íå ñïîäiâàííÿ.

3) Ñïðÿæåíèé äî Dn îïåðàòîð ìà¹ âèãëÿä

(DnG)(f (n))∗ =
∞∑
m=0

: 〈◦m+n, G(m) � f (n)〉 :∈ (L2)−β−q , (2.18)

äå G ∈ (L2)−β1−q, f
(n) ∈ H(n)

ext, G
(m) ∈ H(m)

ext � ÿäðà ç ðîçêëàäó (1.5) äëÿ G .

4) Äëÿ âñiõ G ∈ (L2)−βq−1 i f (1) ∈ H(1)
ext = HC

(DG)(f (1))∗ =

∫
R+

G · f (1)(u)d̂Lu ∈ (L2)−β−q . (2.19)

5) Äëÿ âñiõ F ∈ (L2)βq i f (1) ∈ H(1)
ext = HC

(DF )(f (1)) =

∫
R+

∂uF · f (1)(u)du ∈ (L2)βq−1, (2.20)

òóò iíòåãðàë ó ïðàâié ÷àñòèíi ¹ iíòåãðàëîì Ïåòòiñà (ñëàáêèì iíòå-

ãðàëîì), òîáòî ¹äèíèì åëåìåíòîì ïðîñòîðó (L2)βq−1 òàêèì, ùî äëÿ

êîæíîãî G ∈ (L2)−β1−q

〈〈
∫
R+

∂uF · f (1)(u)du, G〉〉(L2) = 〈〈∂.F, G⊗ f (1)(·)〉〉(L2)⊗H.
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Äîâåäåííÿ. 1) Äîâåäåííÿ ïîëÿãà¹ â çàñòîñóâàííi ìåòîäó ìàòåìàòè÷íî¨

iíäóêöi¨. Ó âèïàäêó m = 1 ìà¹ìî

(Dk1◦)(f (k1)
1 ) = (Dk1◦)(f (k1)

1 ),

òîáòî äëÿ m = 1 ðiâíiñòü (2.17) ¹ iñòèííà.

Íåõàé ðiâíiñòü (2.17) ¹ iñòèííîþ i äëÿ m ≤ l, l ∈ N . Çîêðåìà,

(Dkl . . . (. . . (Dk2((Dk1◦)(f (k1)
1 )))(f

(k2)
2 ) . . . ))(f

(kl)
l ) =

= (Dk1+···+kl◦)(f (k1)
1 � · · · � f (kl)

l ).

(2.21)

Äîâåäåìî, ùî

(Dkl+1 . . . (. . . (Dk2((Dk1◦)(f (k1)
1 )))(f

(k2)
2 ) . . . ))(f

(kl+1)
l+1 ) =

= (Dk1+···+kl+kl+1◦)(f (k1)
1 � · · · � f (kl)

l � f (kl+1)
l+1 ).

(2.22)

Ïiäñòàâëÿþ÷è (2.21) â ëiâó ÷àñòèíó (2.22) òà êîðèñòóþ÷èñü ôîðìóëîþ

(Dl(Dk◦)(f (k)))(f (l)) = (Dk+l◦)(f (k � f (l)), k, l ∈ N, (2.23)

äîâåäåííÿ ÿêî¨ íàâåäåìî íèæ÷å, îòðèìà¹ìî

(Dkl+1 . . . (. . . (Dk2((Dk1◦)(f (k1)
1 )))(f

(k2)
2 ) . . . ))(f

(kl+1)
l+1 ) =

= (Dkl+1((Dkl . . . (. . . (Dk2((Dk1◦)(f (k1)
1 )))(f

(k2)
2 ) . . . ) . . . (fkll )))(f

(kl+1)
l+1 ) =

= (Dkl+1((Dk1+···+kl◦)(f (k1)
1 � · · · � f (kl)

l )))(f
(kl+1)
l+1 ) =

= (Dk1+···+kl+kl+1◦)(f (k1)
1 � · · · � f (kl+1)

l+1 ).

(2.24)
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Äîâåäåìî ôîðìóëó (2.23). Çàñòîñóâàâøè îïåðàòîð ñòîõàñòè÷íîãî

äèôåðåíöiþâàííÿ äî

(DkF )(f (k)) =
∞∑
m=k

m!

(m− k)!
: 〈◦⊗(m−k), (F (m), f (k))ext〉 :

(äèâ. (2.14)) òà ñêîðèñòàâøèñü êîìóòàòèâíiñòþ äîáóòêó � , îòðèìà¹ìî

(Dl(DkF )(f (k)))(f (l)) =

=
∞∑

m=k+l

m!

(m− k)!

(m− k)!

(m− k − l)!
×

× : 〈◦⊗(m−k−l), ((F (m), f (k))ext, f
(l))ext〉 :=

=
∞∑

m=k+l

m!

(m− k − l)!
〈◦⊗(m−k−l), (F (m), f (l) � f (k))ext〉 :=

= (Dk+lF )(f (l) � f (k)) = (Dk+lF )(f (k) � f (l)),

îñêiëüêè â ñèëó (2.11) òà àñîöiàòèâíîñòi äîáóòêó � äëÿ äîâiëüíîãî

h(m−k−l) ∈ H(m−k−l)
ext ìà¹ìî

(h(m−k−l), ((F (m), f (k))ext, f
(l))ext)ext = (h(m−k−l) � f (l), (F (m), f (k))ext)ext

(h(m−k−l) � f (l) � f (k), F (m))ext = (h(m−k−l), (F (m), f (l) � f (k))ext)ext.

2)Âèêîðèñòîâóþ÷è (2.14) i (1.11), äëÿ äîâiëüíîãî f (n) ∈ H(n)
ext îòðè-

ìà¹ìî

E((DnF )(f (n))) = 〈〈(DnF )(f (n)), 1〉〉(L2) = n!(F (n), f (n))ext.

3) Íåõàé F ∈ (L2)βq , f
(n) ∈ H(n)

ext, G ∈ (L2)−β1−q . Âèêîðèñòîâóþ÷è (2.14),

(1.5), (1.11) i (2.11), îòðèìà¹ìî
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〈〈(DnF )(f (n)), G〉〉(L2) =

= 〈〈
∞∑
m=0

(m+ n)!

m!
: 〈◦⊗m, (F (m+n), f (n))ext〉 :,

∞∑
k=0

: 〈◦⊗k, G(k)〉 :〉〉(L2) =

=
∞∑
m=0

(m+ n)!((F (m+n), f (n))ext, G
(m))ext =

=
∞∑
m=0

(m+ n)!(F (m+n), G(m) � f (n))ext =

= 〈〈
∞∑
k=0

: 〈◦⊗k, F (k)〉 :,
∞∑
m=0

: 〈◦⊗m+n, G(m) � f (n)〉 :〉〉(L2),=

= 〈〈F, (DnG)(f (n))∗〉〉(L2),

(2.25)

çâiäêè âèïëèâà¹ ïîòðiáíèé ðåçóëüòàò.

4) Ðåçóëüòàò âèïëèâà¹ ç (2.18) ïðè n = 1 : ïîòðiáíî ïîðiâíÿòè

êîíñòðóêöiþ ÿäåð ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà (äèâ. ïiäðîçäië

1.5) ç êîíñòðóêöi¹þ äîáóòêó � .

5) Âèêîðèñòîâóþ÷è (2.19) i îçíà÷åííÿ ∂. (äèâ. ïiäðîçäië 1.6), äëÿ

âñiõ G ∈ (L2)−β1−q ìè îòðèìà¹ìî

〈〈(DF )(f (1)), G〉〉(L2) = 〈〈F,
∫
R+

G · f (1)(u)d̂Lu〉〉(L2) =

= 〈〈∂.F, G⊗ f (1)(·)〉〉(L2)⊗H = 〈〈
∫
R+

∂uF · f (1)(u)du, G〉〉(L2),

çâiäêè i âèïëèâà¹ ïîòðiáíèé ðåçóëüòàò.

Çàóâàæåííÿ 2.3. Âðàõîâóþ÷è ðiâíiñòü (2.20), ôîðìàëüíî ìîæíà çàïè-
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ñàòè ∂.◦ = (D◦)(δ.) , äå δ. � äåëüòà-ôóíêöiÿ Äiðàêà, ñêîíöåíòðîâàíà

â · . Äëÿ òîãî, ùîá íàäàòè íåôîðìàëüíèé ñåíñ öié ðiâíîñòi, ìîæíà

ðîçãëÿíóòè ñòîõàñòè÷íå äèôåðåíöiþâàííÿ íà òàê çâàíèõ ïðîñòîðàõ

íåðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié, ÿêi óâåäåíi ó [42].

Çàóâàæåííÿ 2.4. Iíòåãðàë Ïåòòiñà

∫
R+

∂uF · f (1)(u)du

ç ïðàâî¨ ÷àñòèíè (2.20) äîðiâíþ¹ 〈∂·F, f (1)(·)〉 � ÷àñòêîâîìó ñïàðþ-

âàííþ, òîáòî, ¹äèíîìó åëåìåíòó ç (L2)βq−1 òàêîìó, ùî äëÿ êîæíîãî

G ∈ (L2)−β1−q

〈〈G, 〈∂·F, f (1)(·)〉〉〉(L2) = 〈〈G⊗ f (1)(·), ∂·F 〉〉(L2)⊗HC

(ïîðiâíþþ÷è ç (2.11) i êîíñòðóêöi¹þ "äîáóòêó" (f (n), F (m))ext ).

Ðåçóëüòàòè òåîðåìè 2.1 çáåðiãàþòüñÿ (ç òî÷íiñòþ äî î÷åâèäíèõ ìî-

äèôiêàöié), ÿêùî ðîçãëÿäàòè îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ

íà ïðîñòîðàõ (L2)β, β ∈ [−1, 1] .

Ó äåÿêèõ çàñòîñóâàííÿõ ãàóññiâñüêîãî àíàëiçó (çîêðåìà, ÷èñëåííi

Ìàëëÿâiíà) âàæëèâó ðîëü âiäiãðà¹ êîìóòàòîð ìiæ ðîçøèðåíèì ñòîõà-

ñòè÷íèì iíòåãðàëîì i îïåðàòîðîì ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ (äèâ.,

íàïðèêëàä, [16]). Äàëi, ïîðàõó¹ìî âiäïîâiäíèé êîìóòàòîð ó âèïàäêó, ùî

ðîçãëÿäà¹òüñÿ â äèñåðòàöi¨.

Çíîâó ïî÷èíà¹ìî ç ïiäãîòîâêè. Íåõàé n,m ∈ Z+ . Ðîçãëÿíåìî ôóí-

êöiþ H· : Rn+m+1
+ → C . Ïîçíà÷èìî
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H̃u(u1, . . . , un;un+1, . . . , un+m) :=

:=


Hu(u1, . . . , un+m), ÿêùî ∀i∈{1,...,n}

∀j∈{n+1,...,n+m} ui 6=uj ,

0, â iíøèõ âèïàäêàõ

,

(2.26)

(ïîðiâíþþ÷è ç (2.1)). Íåõàé F (n) ∈ H(n)
ext , G

(m)
· ∈ H(m)

ext ⊗ HC . Âèáå-

ðåìî ïðåäñòàâíèêiâ ḟ (n) ∈ F (n) , ġ
(m)
· ∈ G(m)

· , i ïîêëàäåìî
˜
f (n)g

(m)
· :=

˜
ḟ (n) · ġ(m)

· . Íåõàé
̂
f (n)g

(m)
· � ñèìåòðèçàöiÿ

˜
f (n)g

(m)
· çà n+m çìiííèìè,

çà âèíÿòêîì çìiííî¨ ' · ' (iíàêøå êàæó÷è, ̂
f (n)g

(m)
u (u1, . . . , un+m) ¹ ñèìå-

òèçàöi¹þ
˜
f (n)g

(m)
u (u1, . . . , un+m) çà çìiííèìè u1, . . . , un+m ), F (n)�G(m)

· ∈

H(n+m)
ext ⊗HC � êëàñ åêâiâàëåíòíîñòi â H(n+m)

ext ⊗HC , ïîðîäæåíèé
̂
f (n)g

(m)
·

(òîáòî,
̂
f (n)g

(m)
· ∈ F (n)�G(m)

· ).

Ëåìà 2.2. (ïîðiâíþþ÷è ç ëåìîþ 2.1) Åëåìåíò F (n)�G(m)
· ∈ H(n+m)

ext ⊗HC

¹ êîðåêòíî âèçíà÷åíèì (çîêðåìà, F (n)�G(m)
· íå çàëåæèòü âiä âèáîðó

ïðåäñòàâíèêiâ F (n) òà G
(m)
· ) i

|F (n)�G(m)
· |H(n+m)

ext ⊗HC
≤ |F (n)|H(n)

ext
|G(m)
· |H(m)

ext ⊗HC
. (2.27)

Äîâåäåííÿ. Äîâåäåííÿ öi¹¨ ëåìè àíàëîãi÷íå äîâåäåííþ ëåìè 2.1, òîìó

îáìåæèìîñÿ êîðîòêèì îïèñîì îñíîâíèõ êðîêiâ.

1) Äëÿ n = 0 ÷è m = 0 ëåìà ¹, î÷åâèäíî, ñïðàâåäëèâîþ, òîìó

ìè ðîçãëÿíåìî âèïàäîê n,m ∈ N . Ïðèïóñòèìî, ùî m ≥ n (äîâå-

äåííÿ äëÿ âèïàäêó m < n öiëêîì àíàëîãi÷íå). Íåõàé ḟ (n) ∈ F (n) ,

ġ
(m)
· ∈ G(m)

· . Áåç âòðàòè çàãàëüíîñòi, ìîæíà ââàæàòè, ùî ḟ (n)(u1, . . . , un)

i ġ
(m)
u (un+1, . . . , un+m) ¹ ñèìåòðè÷íèìè ôóíêöiÿìè âiäíîñíî àðãóìåíòiâ

u1, . . . , un i un+1, . . . , un+m âiäïîâiäíî. Ñêîðèñòàâøèñü öi¹þ ñèìåòðè÷íi-
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ñòþ, ïîäiáíî äî âiäïîâiäíî¨ ÷àñòèíè äîâåäåííÿ ëåìè 2.1, ìîæíà ïîêàçàòè,

ùî

̂
f (n)g

(m)
u (u1, . . . , un+m) =

n!m!

(n+m)!
×

×
∑

1≤p1,...,pn≤n,n+1≤q1,...,qm≤n+m
0≤r≤n,p1<···<pr,pr+1<···<pn,q1<···<qn−r,qn−r+1<···<qm

˜
f (n)g

(m)
u (up1, . . . , upr , uq1, . . . , uqn−r ;

upr+1
, . . . , upn, uqn−r+1

, . . . , uqm)

(2.28)

(äëÿ r = n àðãóìåíò â ïðàâié ÷àñòèíi (2.28) ' u1, . . . , un;un+1, . . . , un+m ';

äëÿ r = 0 öåé àðãóìåíò ' uq1, . . . , uqn;u1, . . . , un, uqn+1
, . . . , uqm '). Iíøèìè

ñëîâàìè, àðãóìåíòàìè
˜
f (n)g

(m)
· ó ñóìi (2.28) ¹ uj , j ∈ {1, . . . , n +

m} , äå iíäåêñè ïåðøèõ n i îñòàííiõ m àðãóìåíòiâ (äî òà ïiñëÿ ';')

(íåçàëåæíî) âïîðÿäêîâàíi ïî çðîñòàííþ.

2) ßê âèïëèâà¹ ç (1.7), íîðìè â ïðîñòîðàõ H(n+m)
ext ⊗ HC ìàþòü

âèãëÿä

|H(n+m)
· |2H(n+m)

ext ⊗HC
=

∑
k,lj ,sj∈N: j=1,...,k, l1>l2>···>lk,

l1s1+···+lksk=n+m

(n+m)!

s1! · · · sk!

(‖pl1‖ν
l1!

)2s1
· · ·

(‖plk‖ν
lk!

)2sk
∫
Rs1+···+sk+1

+

|H(n+m)
u (u1, . . . , u1︸ ︷︷ ︸

l1

, . . . , us1, . . . , us1︸ ︷︷ ︸
l1

, . . . ,

us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)|2du1 · · · dus1+···+skdu,

H(n+m)
· ∈ H(n+m)

ext ⊗HC.

Ïiäñòàâëÿþ÷è (2.28) â öþ ôîðìóëó i îöiíþþ÷è çà àíàëîãi¹þ ç äîâåäåí-
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íÿì ëåìè 2.1, îòðèìà¹ìî

| ̂f (n)g
(m)
· |H(n+m)

ext ⊗HC
≤ |ḟ (n)|H(n)

ext
|ġ(m)
· |H(m)

ext ⊗HC
. (2.29)

Îòæå, ôóíêöiÿ
̂
f (n)g

(m)
· ïîðîäæó¹ åëåìåíò

F (n)�G(m)
· ∈ H(n+m)

ext ⊗HC.

3) Âèêîðèñòîâóþ÷è (2.29) i âëàñòèâîñòi îïåðàöi¨ ◦̂ , àíàëîãi÷íî

äî äîâåäåííÿ ëåìè 2.1 ìîæíà ïîêàçàòè, ùî F (n)�G(m)
· íå çàëåæèòü âiä

âèáîðó ïðåäñòàâíèêiâ F (n) òà G
(m)
· . Îöiíêà (2.27) âèïëèâà¹ ç (2.29).

Çàóâàæåííÿ 2.5. Íåõàé

F (n) ∈ H(n)
ext, G

(m) ∈ H(m)
ext , n,m ∈ Z+, H

(1) ∈ HC.

Ìè âèáåðåìî ïðåäñòàâíèêiâ (ôóíêöi¨) ḟ (n) ∈ F (n) , ġ(m) ∈ G(m) i ḣ(1) ∈

H(1) . Çðîçóìiëî, ùî ġ(m) · ḣ(1) � ïðåäñòàâíèê G(m)⊗H(1) ∈ H(m)
ext ⊗HC .

Ç (2.1) i (2.26) âèïëèâà¹, ùî

˜ḟ (n) · (ġ(m) · ḣ(1)(·)) = ˜(ḟ (n) · ġ(m)) · ḣ(1)(·))

i, òàêèì ÷èíîì,

̂ḟ (n) · (ġ(m) · ḣ(1)(·)) = ̂(ḟ (n) · ġ(m)) · ḣ(1)(·)),

çâiäêè
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F (n)�(G(m) ⊗H(1)(·)) = (F (n) �G(m))⊗H(1)(·). (2.30)

Íåõàé F
(m)
· ∈ H(m)

ext ⊗ HC , f (n) ∈ H(n)
ext , m ≥ n . Âèçíà÷èìî ÷à-

ñòèííèé äîáóòîê (f (n), F
(m)
· )EXT ∈ H(m−n)

ext ⊗HC , ïîêëàâøè äëÿ g
(m−n)
· ∈

H(m−n)
ext ⊗HC

(g(m−n)
· , (f (n), F (m)

· )EXT )H(m−n)
ext ⊗HC

= (f (n)�g(m−n)
· , F (m)

· )H(m)
ext ⊗HC

. (2.31)

Îñêiëüêè, çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî i (2.27),

|(f (n)�g(m−n)
· , F (m)

· )H(m)
ext ⊗HC

| ≤ |f (n)�g(m−n)
· |H(m)

ext ⊗HC
|F (m)
· |H(m)

ext ⊗HC
≤

≤ |f (n)|H(n)
ext
|g(m−n)
· |H(m−n)

ext ⊗HC
|F (m)
· |H(m)

ext ⊗HC
,

öå âèçíà÷åííÿ êîðåêòíå i

|(f (n), F (m)
· )EXT |H(m−n)

ext ⊗HC
≤ |f (n)|H(n)

ext
|F (m)
· |H(m)

ext ⊗HC
. (2.32)

Çàóâàæåííÿ 2.6. Äëÿ n,m ∈ Z+ , m ≥ n , íåõàé F (m) ∈ H(m)
ext ,

H(1) ∈ HC ; f (n) ∈ H(n)
ext ; g(m−n) ∈ H(m−n)

ext , h(1) ∈ HC . Âèêîðèñòîâóþ-

÷è (2.31), (2.30) i (2.11) ìè îòðèìà¹ìî

(g(m−n) ⊗ h(1)(·), (f (n), F (m) ⊗H(1)(·))EXT )H(m−n)
ext ⊗HC

=

= (f (n)�(g(m−n) ⊗ h(1)(·)), F (m) ⊗H(1)(·))H(m)
ext ⊗HC

=

= ((f (n) � g(m−n))⊗ h(1)(·), F (m) ⊗H(1)(·))H(m)
ext ⊗HC

=
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= (f (n) � g(m−n), F (m))H(m)
ext

(h(1), H(1))HC =

= (g(m−n), (f (n), F (m))ext)H(m−n)
ext

(h(1), H(1))HC =

= (g(m−n) ⊗ h(1)(·), (f (n), F (m))ext ⊗H(1)(·))H(m−n)
ext ⊗HC

.

Îñêiëüêè, ìíîæèíà

{g(m−n) ⊗ h(1) : g(m−n) ∈ H(m−n)
ext , h(1) ∈ HC}

òîòàëüíà â H(m−n)
ext ⊗HC , ìè ìîæåìî çðîáèòè âèñíîâîê, ùî

(f (n), F (m) ⊗H(1)(·))EXT = (f (n), F (m))ext ⊗H(1)(·) (2.33)

â H(m−n)
ext ⊗HC . ßê íàñëiäîê ç öi¹¨ ôîðìóëè ìîæíà îòðèìàòè íàñòó-

ïíèé, iíòó¨òèâíî çðîçóìiëèé, ðåçóëüòàò. Íåõàé f (n) ∈ H(n)
ext , F

(m)
· ∈

H(m)
ext ⊗HC , n,m ∈ Z+ , m ≥ n . Ïîçíà÷èìî

G(m−n)
· := (f (n), F (m)

· )EXT ∈ H(m−n)
ext ⊗HC.

Íåõàé Ḟ
(m)
· ∈ F

(m)
· . Òîäi Ġ

(m−n)
· := (f (n), Ḟ

(m)
· )EXT ¹ ïðåäñòàâíè-

êîì êëàñó åêâiâàëåíòíîñòi G
(m−n)
· , i äëÿ u ∈ R+ òàêîãî, ùî Ḟ

(m)
u

¹ êîðåêòíî âèçíà÷åíèì, Ġ
(m−n)
u = (f (n), Ḟ

(m)
u )ext (ãðóáî êàæó÷è, ïiä-

ñòàâëÿþ÷è â (f (n), F
(m)
· )EXT ÷èñëî u çàìiñòü ' · ', ìè îòðèìà¹ìî

(f (n), F
(m)
u )ext ).

Îçíà÷åííÿ 2.2. Íåõàé n ∈ N , f (n) ∈ H(n)
ext . Ìè âèçíà÷èìî ëiíiéíèé

íåïåðåðâíèé îïåðàòîð
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(Dn◦)(f (n)) : (L2)βq ⊗HC → (L2)βq−1 ⊗HC, (2.34)

ïîêëàâøè äëÿ F ∈ (L2)βq ⊗HC

(DnF (·))(f (n)) :=
∞∑
m=n

m!

(m− n)!
:〈◦⊗m−n, (f (n), F (m)

· )EXT 〉 :≡

≡
∞∑
m=0

(m+ n)!

m!
:〈◦⊗m, (f (n), F (m+n)

· )EXT 〉 :

(2.35)

(ïîðiâíþþ÷è ç (2.14)), äå F
(m)
· ∈ H(m)

ext ⊗ HC � ÿäðà ç ðîçêëàäó (1.13)

äëÿ F .

Îñêiëüêè (äèâ. (1.14), (2.35) i (2.32))

‖(DnF (·))(f (n))‖2
(L2)βq−1⊗HC

=

=
∞∑
m=0

(m!)1+β2(q−1)m
((m+ n)!

m!

)2

|(f (n), F (m+n)
· )EXT |2H(m)

ext ⊗HC
=

= 2−qn
∞∑
m=0

((m+ n)!)1+β2q(m+n)
[
2−m

((m+ n)!

m!

)1−β]

|(f (n), F (m+n)
· )EXT |2H(m)

ext ⊗HC
≤ 2−qn|f (n)|2H(n)

ext

c
∞∑
m=0

((m+ n)!)1+β2q(m+n)

|F (m+n)
· |2H(m+n)

ext ⊗HC
≤ 2−qn|f (n)|2H(n)

ext

c‖F‖2
(L2)βq⊗HC

,

(2.36)

äå

c := max
m∈Z+

[
2−m

((m+ n)!

m!

)1−β]
,

öå îçíà÷åííÿ ¹ êîðåêòíèì. Êðiì òîãî, äëÿ êîæíîãî F ∈ (L2)βq ⊗ HC
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(DnF (·))(◦) ¹ ëiíiéíèì íåïåðåðâíèì îïåðàòîðîì, ùî äi¹ ç H(n)
ext â

(L2)βq−1⊗HC . Áiëüøå òîãî, äëÿ êîæíîãî f (n) ∈ H(n)
ext , n ∈ N , (Dn◦)(f (n))

ìîæíà âèçíà÷èòè çà ôîðìóëîþ (2.35) ÿê ëiíiéíèé íåïåðåðâíèé îïåðàòîð

íà (L2)β ⊗ HC , β ∈ [−1, 1] . Ó âèïàäêó, êîëè β = 1 ôîðìóëà (2.35)

âèçíà÷à¹ ëiíiéíèé íåïåðåðâíèé îïåðàòîð (Dn◦)(f (n)) íà (L2)1
q ⊗ HC ,

q ∈ Z , öå ìîæíà äîâåñòè çà àíàëîãi¹þ ç âèêëàäêîþ (2.16).

Çàóâàæåííÿ 2.7. Òàê ñàìî, ÿê "äîáóòêè" (·, ·)ext i (·, ·)EXT , îïåðàòî-

ðè Dn i Dn , n ∈ N , ¹ òiñíî ïîâ'ÿçàíèìè. Ñïðàâäi, íåõàé F ∈ (L2)βq ,

H(1) ∈ HC , f (n) ∈ H(n)
ext . Âèêîðèñòîâóþ÷è (2.35), (2.33) i (2.14) ìîæíà

ïîêàçàòè, ùî

(DnF ⊗H(1)(·))(f (n)) = (DnF )(f (n))⊗H(1)(·) ∈ (L2)βq−1 ⊗HC.

Äàëi, íåõàé F ∈ (L2)βq ⊗ HC , g(·) := (DnF (·))(f (n)) i Ḟ ∈ F .

Òîäi ġ(·) := (DnḞ (·))(f (n)) ¹ ïðåäñòàâíèêîì êëàñó åêâiâàëåíòíîñòi

g(·) ∈ (L2)βq−1 ⊗HC i, ÿê âèïëèâà¹ iç çàóâàæåííÿ 2.6, äëÿ u ∈ R+ òà-

êîãî, ùî Ḟ (u) ¹ êîðåêòíî âèçíà÷åíèì, ġ(u) = (DnḞ (u))(f (n)) (ãðóáî

êàæó÷è, ðîçãëÿäàþ÷è F ÿê ôóíêöiþ íà R+ ç çíà÷åííÿìè â (L2)βq i

ïiäñòàâèâøè â (DnF (·))(f (n)) ÷èñëî u çàìiñòü ' · ', ìè îòðèìà¹ìî

(DnF (u))(f (n)) ).

Òåïåð, îïèøåìî âëàñòèâîñòi îïåðàòîðà Dn , n ∈ N , âèêîðèñòîâó-

þ÷è ÿê øàáëîí òåîðåìó 2.1 ïðî âëàñòèâîñòi Dn .

Àíàëîã âëàñòèâîñòi '1)' íàâåäåíî â íàñòóïíîìó òâåðäæåííi.

Òâåðäæåííÿ 2.1. Äëÿ k1, . . . , km ∈ N , f
(kj)
j ∈ H(kj)

ext , j ∈ {1, . . . ,m} ,

(Dkm(· · · (Dk2((Dk1◦)(f (k1)
1 )))(f

(k2)
2 ) · · · ))(f (km)

m ) =

= (Dk1+···+km◦)(f (k1)
1 � · · · � f (km)

m ).
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Äîâåäåííÿ. Ç ïîáóäîâè "äîáóòêiâ" � i � âèïëèâà¹, ùî äëÿ F (n) ∈

H(n)
ext , G(m) ∈ H(m)

ext i H
(k)
· ∈ H(k)

ext ⊗HC , n,m, k ∈ Z+ ,

F (n)�(G(m)�H(k)
· ) = (F (n) �G(m))�H(k)

· ∈ H
(n+m+k)
ext ⊗HC.

Çà äîïîìîãîþ öi¹¨ ôîðìóëè ìîæíà äîâåñòè ðåçóëüòàò ìåòîäîì ìàòåìàòè-

÷íî¨ iíäóêöi¨, çà àíàëîãi¹þ ç äîâåäåííÿì òâåðäæåííÿ 1) òåîðåìè 2.1.

Äëÿ òîãî, ùîá âèïèñàòè àíàëîã âëàñòèâîñòi '2)', íàì ïîòðiáíà

íåâåëèêà ïiäãîòîâêà. Äëÿ F ∈ (L2)βq ⊗ HC ïîçíà÷èìî ÷åðåç EF :=

〈〈F, 1〉〉(L2) ∈ HC � ÷àñòêîâå ñïàðþâàííÿ, òîáòî, ¹äèíèé åëåìåíò ç HC

òàêèé, ùî äëÿ êîæíîãî h(1) ∈ HC

(〈〈F, 1〉〉(L2), h
(1))HC = 〈〈F, 1⊗ h(1)〉〉(L2)⊗HC. (2.37)

Îñêiëüêè, çà óçàãàëüíåíîþ íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî i (1.14)

|〈〈F, 1⊗h(1)〉〉(L2)⊗HC| ≤ ‖F‖(L2)βq⊗HC
‖1⊗h(1)‖(L2)−β−q⊗HC

= ‖F‖(L2)βq⊗HC
|h(1)|HC,

öå âèçíà÷åííÿ ¹ êîðåêòíèì i

|EF |HC = |〈〈F, 1〉〉(L2)|HC ≤ ‖F‖(L2)βq⊗HC
.

Çàðàç, äëÿ êîæíîãî F ∈ (L2)βq ⊗HC , n ∈ N , f (n) ∈ H(n)
ext i h(1) ∈ HC

çãiäíî ç (2.37), (2.35) i (1.15)

(〈〈(DnF (·))(f (n)), 1〉〉(L2), h
(1))HC = 〈〈(DnF (·))(f (n)), 1⊗ h(1)〉〉(L2)⊗HC =

= n!((f (n), F (n)
· )EXT , h

(1))HC,
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òóò F
(n)
· ∈ H(n)

ext⊗HC � ÿäðà ç ðîçêëàäó (1.13) äëÿ F . Îòæå, ìè äîâåëè

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 2.2. Äëÿ êîæíîãî F ∈ (L2)βq⊗HC ÿäðà F
(n)
· ∈ H(n)

ext⊗HC ,

n ∈ N , ç ðîçêëàäó (1.13) ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi

F (n)
· =

1

n!
E
(
DnF (·)

)
,

òîáòî, äëÿ êîæíîãî f (n) ∈ H(n)
ext

E
(
(DnF (·))(f (n))

)
= 〈〈(DnF (·))(f (n)), 1〉〉(L2) = n!(f (n), F (n)

· )EXT .

Àíàëîã âëàñòèâîñòi '3)' ïîäàíî â íàñòóïíîìó òâåðäæåííi.

Òâåðäæåííÿ 2.3. Îïåðàòîð, ñïðÿæåíèé äî Dn , n ∈ N , ìà¹ âèãëÿä

(DnG(·))(f (n))∗ =
∞∑
m=0

:〈◦m+n, f (n)�G(m)
· 〉 :∈ (L2)−β−q ⊗HC, (2.38)

òóò G ∈ (L2)−β1−q ⊗ HC , f (n) ∈ H(n)
ext ; G

(m)
· ∈ H(m)

ext ⊗ HC � ÿäðà ç

ðîçêëàäó (1.13) äëÿ G .

Äîâåäåííÿ äàíîãî òâåðäæåííÿ àíàëîãi÷íå äî äîâåäåííÿ òâåðäæåííÿ

3) òåîðåìè 2.1.

Íàðåøòi, äëÿ ôîðìóëþâàííÿ âëàñòèâîñòåé '4)' i '5)', àíàëîãi÷íî

ÿê äëÿ Dn , íåîáõiäíî ââåñòè ñòîõàñòè÷íèé iíòåãðàë i ïîõiäíó Õiäè

íà ïðîñòîðàõ (L2)−β1−q ⊗ HC ⊗ HC i (L2)βq ⊗ HC âiäïîâiäíî, àëå òàêi

äîñëiäæåííÿ âèõîäÿòü çà ðàìêè äèñåðòàöi¨.

Òåïåð ïåðåéäåìî äî òâåðäæåííÿ ïðî êîìóòàòîð ìiæ ðîçøèðåíèì

ñòîõàñòè÷íèì iíòåãðàëîì i îïåðàòîðîì ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ.

Ïîçíà÷èìî D := D1 .
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Òåîðåìà 2.2. Äëÿ äîâiëüíîãî F ∈ (L2)βq ⊗ HC , f (1) ∈ H(1)
ext = HC i

∆ ∈ B(R+)

(D

∫
∆

F (u)d̂Lu)(f
(1)) =

∫
∆

(DF (u))(f (1))d̂Lu +

∫
∆

F (u)f (1)(u)du ∈ (L2)βq−1,

(2.39)

äå

∫
∆

(DF (u))(f (1))d̂Lu :=

∫
∆

g(u)d̂Lu

ç g(·) := (DF (·))(f (1)) ∈ (L2)βq−1 ⊗HC ;

∫
∆

F (u)f (1)(u)du ∈ (L2)βq ⊂ (L2)βq−1

¹ iíòåãðàëîì Ïåòòiñà (ïîðiâíþþ÷è ç (2.20)).

Çàóâàæèìî, ùî

∫
∆

F (u)f (1)(u)du = 〈F (·), f (1)(·)1∆(·)〉

¹ ÷àñòêîâèì ñïàðþâàííÿì.

Çàóâàæåííÿ 2.8. ßêùî ðîçóìiòè F ÿê ôóíêöiþ, ùî äi¹ ç R+ â

(L2)βq , ôîðìóëó (2.39) ìîæíà ïåðåïèñàòè ó "êëàñè÷íîìó" âèãëÿäi

(D

∫
∆

F (u)d̂Lu)(f
(1)) =

∫
∆

(DF (u))(f (1))d̂Lu +

∫
∆

F (u)f (1)(u)du.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (1.19) i (2.35), ìè îòðèìà¹ìî

(D

∫
∆

F (u)d̂Lu)(f
(1)) =

∞∑
m=0

(m+ 1) :〈◦⊗m, (F̂ (m)
∆ , f (1))ext〉 :, (2.40)
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äå F̂
(m)
∆ ∈ H(m+1)

ext � ÿäðà ç ðîçêëàäó (1.19) (ÿêèé ¹ ðîçêëàäîì (1.5) äëÿ

ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà

∫
∆

F (u)d̂Lu),

öi ÿäðà ïîáóäîâàíi çà àíàëîãi¹þ ç F
(m)
· ∈ H(m)

ext ⊗HC ç ðîçêëàäó (1.13)

äëÿ F . Ç iíøîãî áîêó, â ñèëó (2.35), (1.19) i (1.13)

∫
∆

(DF (u))(f (1))d̂Lu =
∞∑
m=1

m :〈◦⊗m, ̂
(F

(m)
· , f (1))EXT∆〉 :,

∫
∆

F (u)f (1)(u)du =
∞∑
m=0

:〈◦⊗m,
∫

∆

F (m)
u f (1)(u)du〉 :,

òóò iíòåãðàë
∫

∆ F
(m)
u f (1)(u)du ∈ H(m)

ext ¹ iíòåãðàëîì Ïåòòiñà (öåé iíòåãðàë

ðiâíèé ÷àñòêîâîìó ñïàðþâàííþ (F
(m)
· , f (1)(·)1∆(·))HC � ¹äèíèé åëåìåíò

ç H(m)
ext òàêèé, ùî äëÿ âñiõ g(m) ∈ H(m)

ext(
(F (m)
· , f (1)(·)1∆(·))HC, g

(m)
)
H(m)
ext

=
(
F (m)
· , g(m) ⊗ (f (1)(·)1∆(·))

)
H(m)
ext ⊗HC

).

Òàêèì ÷èíîì, ùîá äîâåñòè ðiâíiñòü (2.39) äîñòàòíüî ïîêàçàòè, ùî äëÿ

êîæíîãî m ∈ Z+

(m+ 1)(F̂
(m)
∆ , f (1))ext = m

̂
(F

(m)
· , f (1))EXT∆ +

∫
∆

F (m)
u f (1)(u)du

â H(m)
ext . Â ñâîþ ÷åðãó, ùîá äîâåñòè öþ ðiâíiñòü, äîñèòü ïîêàçàòè, ùî

äëÿ êîæíîãî g(m) ∈ H(m)
ext

(m+ 1)((F̂
(m)
∆ , f (1))ext, g

(m))ext =

= m(
̂

(F
(m)
· , f (1))EXT∆, g

(m))ext +
( ∫

∆

F (m)
u f (1)(u)du, g(m)

)
ext
.

(2.41)



75

Âèêîðèñòîâóþ÷è (2.31), äîâåäåíó â [44] ðiâíiñòü

(F̂
(m)
∆ , h(m+1))ext =

∫
∆

(F (m)
u , h(m+1)(u))extdu,

h(m+1) ∈ H(m+1)
ext , h(m+1)(·) ∈ H(m)

ext ⊗ HC (äèâ. ëåìó 1.2), ñèìåòðè÷íiñòü

g(m) , òà íåàòîìàðíiñòü ìiðè Ëåáåãà, îòðèìà¹ìî

(m+ 1)((F̂
(m)
∆ , f (1))Hmext, g

(m))Hmext = (m+ 1)(F̂
(m)
∆ , g(m) � f (1))Hm+1

ext
=

= (m+ 1)

∫
∆

(
F (m)
u , (g(m) � f (1))(u)

)
Hm+1
ext
du =

=

∫
∆

(
F (m)
u , ˜g(m)(·1, · · · , ·m)f (1)(u) + ˜g(m)(·2, · · · , u)f (1)(·1) + · · ·

· · ·+ ˜g(m)(u, · · · , ·m−1)f (1)(·m)
)
Hm+1
ext
du =

( ∫
∆

F (m)
u f (1)(u)du, g(m)

)
Hmext

+

+

∫
∆

(
F (m)
u , ˜g(m)(·2, · · · , u)f (1)(·1) + · · ·+ ˜g(m)(u, · · · , ·m−1)f (1)(·m)

)
Hm+1
ext
du.

(2.42)

Ç iíøîãî áîêó, çà àíàëîãi¹þ ç (2.42) ìè îòðèìà¹ìî

m(
̂

(F
(m)
· , f (1))EXT∆, g

(m))Hmext = m

∫
∆

((F (m)
u , f (1))Hmext, g

(m)(u))Hmextdu =

= m

∫
∆

(F (m)
u , (g(m)(u)) � f (1))Hm+1

ext
du =

∫
∆

(
F (m)
u , ˜g(m)(·2, · · · , u)f (1)(·1)+

+ ˜g(m)(·3, · · · , u, ·1)f (1)(·2) + · · ·+ ˜g(m)(u, · · · , ·m−1)f (1)(·m)
)
Hm+1
ext
du.

(2.43)

Ïiäñòàâëÿþ÷è (2.43) â (2.42), îòðèìà¹ìî (2.41).

Òåïåð çàëèøèëîñÿ äîâåñòè, ùî
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(D

∫
∆

F (u)d̂Lu)(f
(1)) ∈ (L2)βq−1,

ÿêùî F ∈ (L2)βq ⊗HC (ç îçíà÷åíü ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà

i îïåðàòîðiâ ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ âèïëèâà¹, ùî

(D

∫
∆

F (u)d̂Lu)(f
(1)) ∈ (L2)βq−2,

àëå öå òâåðäæåííÿ ìîæíà ïiäñèëèòè). Ñïðàâäi, â ñèëó (2.40), (1.8), (2.32)

òà (1.17)∥∥∥(D

∫
∆

F (u)d̂Lu)(f
(1))
∥∥∥2

q−1,β
=

∞∑
m=0

(m!)1+β2(q−1)m(m+ 1)2|(F̂ (m)
∆ , f (1))ext|2ext ≤

≤
∞∑
m=0

(m!)1+β2qm[2−m(m+ 1)2]|F̂ (m)
∆ |2ext|f (1)|2ext ≤

≤ |f (1)|2extc
∞∑
m=0

(m!)1+β2qm|F (m)
· |2H(m)

ext ⊗HC
= |f (1)|2extc‖F‖2

(L2)βq⊗HC
<∞,

äå c = maxm∈Z+
[2−m(m+ 1)2] .

Íàâåäåíi âèùå ðåçóëüòàòè çáåðiãàþòüñÿ (ç òî÷íiñòþ äî î÷åâèäíèõ

ìîäèôiêàöié), ÿêùî ðîçãëÿäàòè îïåðàòîðè (Dn◦)(f (n)) , (Dn◦)(f (n)) ,

f (n) ∈ H(n)
ext , n ∈ N , íà ïðîñòîðàõ (L2)β , (L2)β ⊗ HC âiäïîâiäíî, äå

β ∈ [−1, 1] .

2.1.2. Âèïàäîê íåîáìåæåíèõ îïåðàòîðiâ

Ðîçãëÿíåìî îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ (Dn◦)(f (n)) ,

(Dn◦)(f (n)) ÿê òàêi, ùî äiþòü â (L2)βq , (L2)βq ⊗HC âiäïîâiäíî. ßêùî

β = 1 , òî öi îïåðàòîðè ìîæíà âèçíà÷èòè çà ôîðìóëàìè (2.14), (2.35)
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âiäïîâiäíî, ÿê ëiíiéíi íåïåðåðâíi îïåðàòîðè (ÿê áóëî ïîÿñíåíî âèùå), àëå

äëÿ β ∈ [−1, 1) öå íå òàê. Ðîçãëÿíåìî âèïàäîê β ∈ [−1, 1) äåòàëüíiøå.

Îçíà÷åííÿ 2.3. Íåõàé n ∈ N , f (n) ∈ H(n)
ext . Âèçíà÷èìî îïåðàòîð

(Dn◦)(f (n)) : (L2)βq → (L2)βq (2.44)

ç îáëàñòþ âèçíà÷åííÿ

dom
(
(Dn◦)(f (n))

)
=
{
F ∈ (L2)βq : ‖(DnF )(f (n))‖2

q,β =

=
∞∑
m=0

(m!)1+β2qm
((m+ n)!

m!

)2

|(f (n), F (m+n))ext|2ext <∞
} (2.45)

(òóò F (m) ∈ H(m)
ext � ÿäðà ç ðîçêëàäó (1.5) äëÿ F ) ôîðìóëîþ (2.14).

Çðîçóìiëî, ùî îïåðàòîð

(Dn◦)(f (n))∗ : (L2)−β−q → (L2)−β−q (2.46)

ñïðÿæåíèé äî îïåðàòîðà (2.44), âèçíà÷åíèé êîðåêòíî i ìîæå áóòè îá÷è-

ñëåíèé çà ôîðìóëîþ (2.18); íèæ÷å, â äîâåäåííi òåîðåìè 2.3, ìè ïîêàæå-

ìî, ùî îáëàñòþ âèçíà÷åííÿ öüîãî îïåðàòîðà ¹

dom
(
(Dn◦)(f (n))∗

)
=
{
G ∈ (L2)−β−q : ‖(DnG)(f (n))∗‖2

(L2)−β−q
=

=
∞∑
m=0

((m+ n)!)1−β2−q(m+n)|f (n) �G(m)|2ext <∞
}
.

(2.47)

Òåîðåìà 2.3. Îïåðàòîð (2.44) ç îáëàñòþ âèçíà÷åííÿ (2.45) i îïåðàòîð

(2.46) ç îáëàñòþ âèçíà÷åííÿ (2.47) ¹ âçà¹ìíî ñïðÿæåíèìè. Çîêðåìà, öi

îïåðàòîðè ¹ çàìêíåíèìè.
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Äîâåäåííÿ. Ïîêàæåìî, ùî iñíó¹ äðóãèé ñïðÿæåíèé äî (Dn◦)(f (n)) îïå-

ðàòîð

(Dn◦)(f (n))∗∗ = (Dn◦)(f (n)).

Îñêiëüêè, î÷åâèäíî, îáëàñòü âèçíà÷åííÿ îïåðàòîðà (2.44) ¹ ùiëüíîþ ìíî-

æèíîþ â (L2)βq , òî ñïðÿæåíèé îïåðàòîð (2.46) âèçíà÷åíèé êîðåêòíî. Çà

îçíà÷åííÿì, G ∈ dom((Dn◦)(f (n))∗) òîäi i òiëüêè òîäi, êîëè

(L2)βq ⊃ dom((Dn◦)(f (n))) 3 F 7→ 〈〈(DnF )(f (n)), G〉〉(L2)

¹ ëiíiéíèì íåïåðåðâíèì ôóíêöiîíàëîì. Çà âëàñòèâîñòÿìè ãiëüáåðòîâèõ

îñíàùåíü, îñòàíí¹ ìîæëèâå òîäi i òiëüêè òîäi, êîëè iñíó¹ K ∈ (L2)−β−q

òàêå, ùî

〈〈(DnF )(f (n)), G〉〉(L2) = 〈〈F, K〉〉(L2).

Ç âèêëàäêè (2.25) âèïëèâà¹, ùî K ìà¹ âèãëÿä (2.18), òîìó îáëàñòü âè-

çíà÷åííÿ ñïðÿæåíîãî îïåðàòîðà ìà¹ âèãëÿä (2.47). Öÿ ìíîæèíà ùiëüíà

â (L2)−β−q , îòæå,

(Dn◦)(f (n))∗∗ : (L2)βq → (L2)βq

âèçíà÷åíèé êîðåêòíî. Çàëèøà¹òüñÿ ïîêàçàòè, ùî

dom((Dn◦)(f (n))∗∗) = dom((Dn◦)(f (n))). (2.48)

Çà àíàëîãi¹þ ç âèùå ðîçãëÿíóòèì, F ∈ dom((Dn◦)(f (n))∗∗) òîäi i òiëüêè
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òîäi, êîëè

(L2)−β−q ⊃ dom((Dn◦)(f (n))∗) 3 G 7→ 〈〈F, (DnG)(f (n))∗〉〉(L2)

¹ ëiíiéíèì íåïåðåðâíèì ôóíêöiîíàëîì. Îñòàíí¹ ìîæëèâî ÿêùî i òiëüêè

ÿêùî iñíó¹ H ∈ (L2)βq òàêå, ùî

〈〈F, (DnG)(f (n))∗〉〉(L2) = 〈〈H, G〉〉(L2).

Çðîçóìiëî, ùî H ìà¹ âèãëÿä (2.14), òîìó ðiâíiñòü (2.48) âèïëèâà¹ ç

(2.45).

Âiäîìî, ùî ñïðÿæåíèé îïåðàòîð ¹ çàìêíåíèì, òîìó îñêiëüêè îïåðà-

òîðè (2.44) òà (2.46) ¹ âçà¹ìíî ñïðÿæåíèìè, òî âîíè ¹ i çàìêíåíèìè.

Çàóâàæåííÿ 2.9. Îáëàñòü âèçíà÷åííÿ îïåðàòîðà (2.44) çàëåæèòü âiä

"êîåôiöi¹íòà" f (n) , öå ìîæå îáìåæèòè îáëàñòü éîãî ìîæëèâèõ çà-

ñòîñóâàíü. Ïðîáëåìó ìîæíà âèðiøèòè íàñòóïíèì ÷èíîì. Íåõàé

An :=
{
F ∈ (L2)βq :

∞∑
m=0

(m!)1+β2qm
((m+ n)!

m!

)2

|F (m+n)|2ext <∞
}
, n ∈ N,

òóò F (m) ∈ H(m)
ext � ÿäðà ç ðîçêëàäó (1.5) äëÿ F . Äëÿ êîæíîãî

f (n) ∈ H(n)
ext âèçíà÷èìî îïåðàòîð

(D̃n◦)(f (n)) : (L2)βq → (L2)βq (2.49)

ç îáëàñòþ âèçíà÷åííÿ An çà ôîðìóëîþ (2.14). Ç òåîðåìè 2.3 âèïëè-

âà¹, ùî öåé îïåðàòîð ¹ òàêèì, ùî äîïóñêà¹ çàìèêàííÿ (ÿêå äîðiâíþ¹

(Dn◦)(f (n)) ). Êðiì òîãî, äëÿ âñiõ F ∈ An îïåðàòîð (D̃nF )(◦) : H(n)
ext →

(L2)βq ¹ ëiíiéíèì îáìåæåíèì (à, îòæå, i íåïåðåðâíèì) îïåðàòîðîì: â
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ñèëó (2.14), (1.8) i (2.12)

‖(D̃nF )(f (n))‖2
q, β =

∞∑
m=0

(m!)1+β2qm
(

(m+ n)!

m!

)2

|(F (m+n), f (n))ext|2ext ≤

≤ |f (n)|2ext
∞∑
m=0

(m!)1+β2qm
(

(m+ n)!

m!

)2

|F (m+n)|2ext.

Òåïåð ïåðåéäåìî äî îïåðàòîðiâ Dn .

Îçíà÷åííÿ 2.4. Íåõàé n ∈ N , f (n) ∈ H(n)
ext . Âèçíà÷èìî îïåðàòîð

(Dn◦)(f (n)) : (L2)βq ⊗HC → (L2)βq ⊗HC (2.50)

ç îáëàñòþ âèçíà÷åííÿ

dom
(
(Dn◦)(f (n))

)
=
{
F ∈ (L2)βq ⊗HC : ‖(DnF (·))(f (n))‖2

(L2)βq⊗HC
=

=
∞∑
m=0

(m!)1+β2qm
((m+ n)!

m!

)2

|(f (n), F (m+n)
· )EXT |2H(m)

ext ⊗HC
<∞

} (2.51)

(òóò F
(m)
· ∈ H(m)

ext ⊗ HC � ÿäðà ç ðîçêëàäó (1.13) äëÿ F ) ôîðìóëîþ

(2.35).

Çðîçóìiëî, ùî îïåðàòîð

(Dn◦)(f (n))∗ : (L2)−β−q ⊗HC → (L2)−β−q ⊗HC, (2.52)

ñïðÿæåíèé äî îïåðàòîðà (2.50), âèçíà÷åíèé êîðåêòíî i ìîæå áóòè îá÷è-

ñëåíèé çà ôîðìóëîþ (2.38); íèæ÷å ìè ïîêàæåìî, ùî îáëàñòþ âèçíà÷åííÿ
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öüîãî îïåðàòîðà ¹

dom
(
(Dn◦)(f (n))∗

)
=
{
G ∈ (L2)−β−q ⊗HC : ‖(DnG(·))(f (n))∗‖2

(L2)−β−q⊗HC
=

=
∞∑
m=0

((m+ n)!)1−β2−q(m+n)|f (n)�G(m)
· |2H(m+n)

ext ⊗HC
<∞

}
(2.53)

(íàñïðàâäi öåé ðåçóëüòàò, òàê ñàìî ÿê i (2.47), âèïëèâà¹ iç çàãàëüíî¨

òåîði¨ äóàëüíîñòi).

Òåîðåìà 2.4. Îïåðàòîð (2.50) ç îáëàñòþ âèçíà÷åííÿ (2.51) i îïåðàòîð

(2.52) ç îáëàñòþ âèçíà÷åííÿ (2.53) ¹ âçà¹ìíî ñïðÿæåíèìè. Çîêðåìà, öi

îïåðàòîðè ¹ çàìêíåíèìè.

Äîâåäåííÿ. Ïîêàæåìî, ùî iñíó¹ äðóãèé ñïðÿæåíèé äî (Dn◦)(f (n)) îïå-

ðàòîð (Dn◦)(f (n))∗∗ = (Dn◦)(f (n)) . Îñêiëüêè, î÷åâèäíî, îáëàñòü âèçíà÷å-

ííÿ îïåðàòîðà (2.50) ¹ ùiëüíîþ ìíîæèíîþ â (L2)βq ⊗HC , òî ñïðÿæåíèé

îïåðàòîð

(Dn◦)(f (n))∗ : (L2)−β−q ⊗HC → (L2)−β−q ⊗HC

âèçíà÷åíèé êîðåêòíî. Çà îçíà÷åííÿì, G ∈ dom
(
(Dn◦)(f (n))∗

)
òîäi i òiëü-

êè òîäi, êîëè

(L2)βq ⊗HC ⊃ dom
(
(Dn◦)(f (n))

)
3 F 7→ 〈〈(DnF )(f (n)), G〉〉(L2)⊗HC ∈ C

¹ ëiíiéíèì íåïåðåðâíèì ôóíêöiîíàëîì. Çà âëàñòèâîñòÿìè ãiëüáåðòîâèõ

îñíàùåíü, îñòàíí¹ ìîæëèâå òîäi i òiëüêè òîäi, êîëè iñíó¹ K ∈ (L2)−β−q ⊗

HC òàêå, ùî
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〈〈(DnF )(f (n)), G〉〉(L2)⊗HC = 〈〈F,K〉〉(L2)⊗HC.

Ç âèêëàäêè (2.25) âèïëèâà¹, ùî K ìà¹ âèãëÿä (2.38), òîìó îáëàñòü

âèçíà÷åííÿ îïåðàòîðà (2.52) ìà¹ âèãëÿä (2.53). Öÿ ìíîæèíà ùiëüíà â

(L2)−β−q ⊗HC , îòæå,

(Dn◦)(f (n))∗∗ : (L2)βq ⊗HC → (L2)βq ⊗HC

âèçíà÷åíèé êîðåêòíî. Çàëèøà¹òüñÿ ïîêàçàòè, ùî

dom
(
(Dn◦)(f (n))∗∗

)
= dom

(
(Dn◦)(f (n))

)
. (2.54)

Çà àíàëîãi¹þ ç âèùå ðîçãëÿíóòèì, F ∈ dom
(
(Dn◦)(f (n))∗∗

)
òîäi i òiëüêè

òîäi, êîëè

(L2)−β−q ⊗HC ⊃ dom
(
(Dn◦)(f (n))∗

)
3 G 7→ 〈〈F, (DnG)(f (n))∗〉〉(L2)⊗HC ∈ C

¹ ëiíiéíèì íåïåðåðâíèì ôóíêöiîíàëîì. Îñòàíí¹ ìîæëèâî ÿêùî i òiëüêè

ÿêùî iñíó¹ H ∈ (L2)βq ⊗HC òàêå, ùî

〈〈F, (DnG)(f (n))∗〉〉(L2)⊗HC = 〈〈H,G〉〉(L2)⊗HC.

Çðîçóìiëî, ùî H ìà¹ âèãëÿä (2.35), òîìó ðiâíiñòü (2.54) âèïëèâà¹ ç

(2.51).

Ñïðÿæåíèé îïåðàòîð ¹ çàìêíåíèì, òîìó îñêiëüêè îïåðàòîðè (2.50)

òà (2.52) ¹ âçà¹ìíî ñïðÿæåíèìè, òî âîíè ¹ i çàìêíåíèìè.
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Çàóâàæåííÿ 2.10. ßê i ó âèïàäêó îïåðàòîðiâ ñòîõàñòè÷íîãî äèôåðåíöi-

þâàííÿ íà ïðîñòîðàõ (L2)βq , äëÿ êîæíîãî f (n) ∈ H(n)
ext , n ∈ N , ìîæíà

âèçíà÷èòè îïåðàòîð

(D̃n◦)(f (n)) : (L2)βq ⊗HC → (L2)βq ⊗HC, (2.55)

ç îáëàñòþ âèçíà÷åííÿ, ùî íå çàëåæèòü âiä f (n) ,

Bn :=
{
F ∈ (L2)βq⊗HC :

∞∑
m=0

(m!)1+β2qm
((m+ n)!

m!

)2

|F (m+n)
· |2H(m+n)

ext ⊗HC
<∞

}
,

äå F
(m)
· ∈ H(m)

ext ⊗ HC � ÿäðà ç ðîçêëàäó (1.13) äëÿ F , çà ôîðìóëîþ

(2.35). Äëÿ êîæíîãî F ∈ Bn îïåðàòîð

(D̃nF )(◦) : H(n)
ext → (L2)βq ⊗HC

¹ ëiíiéíèì îáìåæåíèì (a, îòæå, i íåïåðåðâíèì) îïåðàòîðîì: â ñèëó

(2.35), (1.14) i (2.32)

‖(D̃nF (·))(f (n))‖2
(L2)βq⊗HC

=

=
∞∑
m=0

(m!)1+β2qm
((m+ n)!

m!

)2

|(f (n), F (m+n)
· )EXT |2H(m)

ext ⊗HC
≤

≤ |f (n)|2H(m)
ext

∞∑
m=0

(m!)1+β2qm
((m+ n)!

m!

)2

|F (m+n)
· |2H(m+n)

ext ⊗HC
.

Áiëüø òîãî, ç òåîðåìè 2.4 âèïëèâà¹, ùî îïåðàòîð (2.55) ¹ òàêèì,

ùî äîïóñêà¹ çàìèêàííÿ (éîãî çàìèêàííÿì ¹ îïåðàòîð (2.50) ç îáëàñòþ

âèçíà÷åííÿ (2.51)).
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2.2. Âçà¹ìîçâ'ÿçîê ìiæ îïåðàòîðàìè ñòîõàñòè÷íîãî äè-

ôåðåíöiþâàííÿ íà ðiçíèõ ïðîñòîðàõ

Â ñòàòòi [47] áóëî ââåäåíî òà âèâ÷åíî àíàëîãè îïåðàòîðiâ (Dn◦)(f (n))

i (Dn◦)(f (n)) , f (n) ∈ H(n)
ext , n ∈ N (ïîçíà÷èìî öi àíàëîãè ÷åðåç

(D̂n◦)(f (n)) i (D̂n◦)(f (n)) âiäïîâiäíî) íà ïðîñòîðàõ íåðåãóëÿðíèõ îñíîâ-

íèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi. Çîêðåìà, áóëî ïîêàçàíî ùî çâó-

æåííÿ (Dn◦)(f (n)) ç (L2) = (L2)0
0 íà, âèùå çãàäàíi, ïðîñòîðè çáiãàþ-

òüñÿ ç (D̂n◦)(f (n)) . Ç óðàõóâàííÿì öüîãî ðåçóëüòàòó òà ïîáóäîâè âñiõ

çãàäàíèõ îïåðàòîðiâ, ïðèðîäíüî î÷iêóâàòè, ùî çâóæåííÿ (Dn◦)(f (n)) ç

(L2) ⊗ HC = (L2)0
0 ⊗ HC íà âiäïîâiäíi ïðîñòîðè íåðåãóëÿðíèõ îñíîâíèõ

ôóíêöié çáiãàþòüñÿ ç (D̂n◦)(f (n)) . Çàðàç ìè ïîÿñíèìî öå äåòàëüíiøå.

Ïîçíà÷èìî ÷åðåç T íàáið iíäåêñiâ τ = (τ1, τ2) , äå τ1 ∈ N , τ2 �

íåñêií÷åííî äèôåðåíöiéîâàíà ôóíêöiÿ íà R+ , òàêà, ùî äëÿ âñiõ u ∈ R+

τ2(u) ≥ 1 . Íåõàé Hτ � ïðîñòið Ñîáîë¹âà íà R+ ïîðÿäêó τ1 , i ç âà-

ãîþ τ2 , òîáòî, Hτ � ïîïîâíåííÿ ìíîæèíè D âñiõ äiéñíîçíà÷íèõ

íåñêií÷åííî äèôåðåíöiéîâàíèõ ôóíêöié íà R+ ç êîìïàêòíèìè íîñiÿìè

âiäíîñíî íîðìè, ïîðîäæåíî¨ ñêàëÿðíèì äîáóòêîì

(ϕ, ψ)Hτ =

∫
R+

(
ϕ(u)ψ(u) +

τ1∑
k=1

ϕ[k](u)ψ[k](u)
)
τ2(u)du,

òóò ϕ[k] i ψ[k] � ïîõiäíi ïîðÿäêó k ôóíêöié ϕ i ψ âiäïîâiäíî. ßê

ñêàçàíî âèùå, âiäîìî (äèâ. íàïðèêëàä, [19]), ùî D ìîæíà ïðåäñòàâèòè

ÿê ëiíiéíèé òîïîëîãi÷íèé ïðîñòið ç òîïîëîãi¹þ ïðîåêòèâíî¨ ãðàíèöi:

D = pr lim
τ∈T

Hτ

(áiëüø òîãî, äëÿ êîæíîãî n ∈ N
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D⊗̂n = pr lim
τ∈T

H⊗̂nτ ,

äèâ. ïîäðîáèöi, íàïðèêëàä, ó [18]), òà, äëÿ êîæíîãî τ ∈ T , Hτ ùiëüíî

i íåïåðåðâíî âêëàäåíi â H = L2(R+) . Òîìó ìîæíà ðîçãëÿäàòè ëàíöþæîê

D′ ⊃ H−τ ⊃ H ⊃ Hτ ⊃ D,

äå H−τ , τ ∈ T , ¹ äóàëüíèìè ïðîñòîðàìè äî Hτ âiäíîñíî H . Çàóâà-

æèìî, ùî çà òåîðåìîþ Øâàðöà (íàïðèêëàä, [19]),

D′ = ∪
τ∈T
H−τ .

Çà àíàëîãi¹þ ç [43], ìîæíà ïîêàçàòè, ùî ìiðà áiëîãî øóìó Ëåâi µ çî-

ñåðåäæåíà íà H−τ̃ ç äåÿêèìè τ̃ ∈ T , òîáòî, µ(H−τ̃) = 1 . Âèêëþ÷èìî

ç T iíäåêñè τ òàêi, ùî µ íå çîñåðåäæåíà íà H−τ , äàëi áóäåìî

ââàæàòè, ùî äëÿ âñiõ τ ∈ T , µ(H−τ) = 1 .

Ïîçíà÷èìî íîðìè â òåíçîðíèõ ñòåïåíÿõ êîìïëåêñèôiêàöié Hτ ÷å-

ðåç | · |τ , òîáòî, äëÿ f (n) ∈ H⊗̂nτ,C , n ∈ N ,

|f (n)|τ =

√
(f (n), f (n))H⊗̂nτ,C

(ÿê ñêàçàíî âèùå, ó êîìïëåêñèôiêàöiÿõ ãiëüáåðòîâèõ ïðîñòîðiâ ñêàëÿðíi

äîáóòêè ìè ââàæà¹ìî äiéñíèìè, òîáòî, áiëiíiéíèìè).

Ç ðåçóëüòàòiâ [42] âèïëèâà¹, ùî ìîæíà ùå ðàç ìîäèôiêóâàòè T

(ïðèáðàòè ç íüîãî ùå äåÿêi "çàéâi" iíäåêñè) òà îòðèìàòè òàêèé ðåçóëüòàò:

Ëåìà 2.3. Äëÿ êîæíîãî τ ∈ T òà êîæíîãî n ∈ Z+ ïðîñòið H⊗̂nτ,C
ùiëüíî òà íåïåðåðâíî âêëàäåíèé ó ïðîñòið H(n)

ext , ïðè öüîìó iñíó¹
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c(τ) > 0 òàêå, ùî äëÿ âñiõ f (n) ∈ H⊗̂nτ,C

|f (n)|2ext ≤ n!c(τ)n|f (n)|2τ .

Ó öüîìó ïiäðîçäiëi ïðèéìåìî çà çàìîâ÷óâàííÿì q ∈ Z+ , τ ∈ T .

Ìíîæèíà H⊗̂0
τ := R (îòæå, H⊗̂0

τ,C = C ). Âèçíà÷èìî äiéñíi ñêàëÿðíi äî-

áóòêè (·, ·)τ,q íà

PW =
{
f =

Nf∑
n=0

:〈◦⊗n, f (n)〉 :, f (n) ∈ D⊗̂nC , Nf ∈ Z+

}
⊂ (L2),

ïîêëàâøè äëÿ

f =

Nf∑
n=0

:〈◦⊗n, f (n)〉 :, g =

Ng∑
n=0

:〈◦⊗n, g(n)〉 : ∈ PW

(f, g)τ,q :=

min(Nf ,Ng)∑
n=0

(n!)22qn(f (n), g(n))H⊗̂nτ,C
.

Íåõàé ‖ · ‖τ,q � âiäïîâiäíi íîðìè, òîáòî,

‖f‖τ,q =

√
(f, f)τ,q.

Êîðåêòíiñòü öüîãî âèçíà÷åííÿ äîâåäåíî â [47].

Ïîçíà÷èìî ÷åðåç (Hτ)q ïîïîâíåííÿ PW âiäíîñíî íîðì ‖ · ‖τ,q ; i

ïîêëàäåìî

(Hτ) := pr lim
q∈Z+

(Hτ)q, (D) := pr lim
q∈Z+,τ∈T

(Hτ)q.
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Îçíà÷åííÿ 2.5. Ïðîñòîðè (Hτ)q , (Hτ) i (D) íàçèâàþòüñÿ ïðîñòî-

ðàìè Êîíäðàòü¹âà íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié.

Áà÷èìî, ùî f ∈ (Hτ)q ÿêùî i òiëüêè ÿêùî ¨¨ ìîæíà ¹äèíèì ÷èíîì

ïðåäñòàâèòè ó âèãëÿäi

f =
∞∑
n=0

:〈◦⊗n, f (n)〉 :, f (n) ∈ H⊗̂nτ,C (2.56)

(ðÿä çáiãà¹òüñÿ â (Hτ)q ), ç

‖f‖2
(Hτ )q

=
∞∑
n=0

(n!)22qn|f (n)|2τ <∞; (2.57)

i äëÿ f, g ∈ (Hτ)q

(f, g)(Hτ )q =
∞∑
n=0

(n!)22qn(f (n), g(n))H⊗̂nτ,C
,

òóò f (n), g(n) ∈ H⊗̂nτ,C � ÿäðà ç ðîçêëàäó (2.56) äëÿ f i g âiäïîâiäíî

(îñêiëüêè, äëÿ êîæíîãî n ∈ Z+ H⊗̂nτ,C ⊆ H
(n)
ext , òî äëÿ f (n) ∈ H⊗̂nτ,C

êîðåêòíî âèçíà÷åíèé âiêiâñüêèé ìîíîì :〈◦⊗n, f (n)〉 : , äèâ. ïiäðîçäië 1.3).

Äàëi, f ∈ (Hτ) ( f ∈ (D) ) ÿêùî i òiëüêè ÿêùî f ¹äèíèì ÷èíîì

ïðåäñòàâëåíà ó âèãëÿäi (2.56) i íîðìà (2.57) ¹ ñêií÷åííîþ äëÿ êîæíîãî

q ∈ Z+ (äëÿ âñiõ q ∈ Z+ i âñiõ τ ∈ T ).

Çàóâàæåííÿ 2.11. Â [42] äîâåäåíî, ùî äëÿ êîæíîãî τ ∈ T iñíó¹ q0 =

q0(τ) ∈ Z+ òàêå, ùî äëÿ âñiõ q ∈ {q0, q0+1, · · · } ïðîñòið (Hτ)q ùiëüíî

i íåïåðåðâíî âêëàäåíèé â (L2) . Ç îãëÿäó íà öå òâåðäæåííÿ, ìîæíà

ðîçãëÿíóòè äóàëüíi âiäíîñíî (L2) ïðîñòîðè äî ïðîñòîðiâ Êîíäðàòü¹âà

íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié. Òàêi äóàëüíi ïðîñòîðè íàçèâàþòüñÿ

ïðîñòîðàìè Êîíäðàòü¹âà íåðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié i ìàþòü
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áàãàòî çàñòîñóâàíü â àíàëiçi Ëåâi (çîêðåìà, â òåîði¨ ñòîõàñòè÷íèõ

ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó) (äåòàëüíiøå äèâ. [42, 47,

48]).

Ðîçãëÿíåìî ëàíöþæêè

D′(m)
C ⊃ H(m)

−τ,C ⊃ H
(m)
ext ⊃ H⊗̂mτ,C ⊃ D

⊗̂m
C ,

D′⊗̂mC ⊃ H⊗̂m−τ,C ⊃ H
⊗̂m
C ⊃ H⊗̂mτ,C ⊃ D

⊗̂m
C ,

m ∈ Z+ , äå H(m)
−τ,C , D′(m)

C = ∪
τ∈T
H(m)
−τ,C i H⊗̂m−τ,C , D′⊗̂mC = ∪

τ∈T
H⊗̂m−τ,C �

äóàëüíi ïðîñòîðè äî H⊗̂mτ,C ,

D⊗̂mC = pr lim
τ∈T

H⊗̂mτ,C

âiäíîñíî H(m)
ext i H⊗̂mC âiäïîâiäíî (äëÿ m = 0 âñi ïðîñòîðè ç öèõ ëàí-

öþæêiâ äîðiâíþþòü C ). Îñêiëüêè ïðîñòîðè îñíîâíèõ ôóíêöié â îáîõ

ëàíöþæêàõ ñïiâïàäàþòü, iñíó¹ ñiì'ÿ ïðèðîäíèõ içîìîðôiçìiâ

Um : D′(m)
C → D′⊗̂mC

òàêà, ùî äëÿ âñiõ F
(m)
ext ∈ D′

(m)
C i f (m) ∈ D⊗̂mC

〈F (m)
ext , f

(m)〉H(m)
ext

= 〈UmF (m)
ext , f

(m)〉H⊗̂mC
. (2.58)

Çâóæåííÿ Um íà ïðîñòîðè H(m)
−τ,C, m ∈ Z+ ¹ içîìåòðè÷íèìè içîìîðôi-

çìàìè ìiæ ïðîñòîðàìè H(m)
−τ,C i H⊗̂m−τ,C (äëÿ öèõ çâóæåíü ìè çáåðiãà¹ìî

ïîçíà÷åííÿ Um ). Çàóâàæèìî, ùî H(1)
ext = HC i, òàêèì ÷èíîì, U1 = 1
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¹ òîòîæíèì îïåðàòîðîì íà D′(1)
C = D′C . Ó âèïàäêó m = 0 , U0 � öå,

î÷åâèäíî, òîòîæíèé îïåðàòîð íà C .

Íåõàé F
(n)
ext ∈ H

(n)
−τ,C , G

(m)
ext,· ∈ H

(m)
−τ,C ⊗ H−τ,C , n,m ∈ Z+ . Âèçíà-

÷èìî

F
(n)
ext �̂G

(m)
ext,· :=

:= (U−1
n+m ⊗ 1){(Pr ⊗ 1)[(UnF

(n)
ext )⊗ ((Um ⊗ 1)G

(m)
ext,·)]} ∈ H

(n+m)
−τ,C ⊗H−τ,C,

(2.59)

äå Pr ⊗ 1 � îðòîãîíàëüíèé ïðîåêòîð, ùî äi¹ ç H⊗̂n−τ,C ⊗H
⊗̂m
−τ,C ⊗H−τ,C

â H⊗̂n+m
−τ,C ⊗H−τ,C (çâè÷àéíî, öåé îïåðàòîð çàëåæèòü âiä τ , n i m ,

àëå ìè ñïðîñòèìî ïîçíà÷åííÿ). Çðîçóìiëî, ùî

|F (n)
ext �̂G

(m)
ext,·|H(n+m)

−τ,C ⊗H−τ,C
=

= |(Pr ⊗ 1)[(UnF
(n)
ext )⊗ ((Um ⊗ 1)G

(m)
ext,·)]|H⊗̂n+m−τ,C ⊗H−τ,C

≤

≤ |UnF (n)
ext |H⊗̂n−τ,C|(Um ⊗ 1)G

(m)
ext,·|H⊗̂m−τ,C⊗H−τ,C = |F (n)

ext |H(n)
−τ,C
|G(m)

ext,·|H(m)
−τ,C⊗H−τ,C

.

(2.60)

Íåõàé F
(n)
ext ∈ H

(n)
−τ,C , f

(m)
· ∈ H⊗̂mτ,C ⊗Hτ,C , m ≥ n . Âèçíà÷èìî óçàãàëü-

íåíå ÷àñòêîâå ñïàðþâàííÿ 〈F (n)
ext , f

(m)
· 〉EXT ∈ H⊗̂m−nτ,C ⊗ Hτ,C , ïîêëàâøè

äëÿ äîâiëüíîãî G
(m−n)
ext,· ∈ H

(m−n)
−τ,C ⊗H−τ,C

〈G(m−n)
ext,· , 〈F (n)

ext , f
(m)
· 〉EXT 〉H(m−n)

ext ⊗HC
= 〈F (n)

ext �̂G
(m−n)
ext,· , f (m)

· 〉H(m)
ext ⊗HC

. (2.61)

Çà óçàãàëüíåíîþ íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî i (2.60)
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|〈F (n)
ext �̂G

(m−n)
ext,· , f (m)

· 〉H(m)
ext ⊗HC

| ≤ |F (n)
ext �̂G

(m−n)
ext,· |H(m)

−τ,C⊗H−τ,C
|f (m)
· |H⊗̂mτ,C ⊗Hτ,C ≤

≤ |F (n)
ext |H(n)

−τ,C
|G(m−n)

ext,· |H(m−n)
−τ,C ⊗H−τ,C

|f (m)
· |H⊗̂mτ,C ⊗Hτ,C,

ùî îçíà÷à¹, ùî öå âèçíà÷åííÿ ¹ êîðåêòíèì i

|〈F (n)
ext , f

(m)
· 〉EXT |H⊗̂m−nτ,C ⊗Hτ,C

≤ |F (n)
ext |H(n)

−τ,C
|f (m)
· |H⊗̂mτ,C ⊗Hτ,C.

Äëÿ âèçíà÷åííÿ àíàëîãiâ îïåðàòîðiâ Dn , n ∈ N , íà ïðîñòîðàõ íå-

ðåãóëÿðíèõ îñíîâíèõ ôóíêöié (Hτ)q ⊗Hτ,C , íàì ïîòðiáíi îðòîãîíàëüíi

áàçèñè â öèõ ïðîñòîðàõ. Îñêiëüêè, çâóæåííÿ óçàãàëüíåíîãî içîìîðôiçìó

Âiíåðà-Iòî-Ñiãàëà I (äèâ. ïiäðîçäië 1.5) ç (L2) = (L2)0
0 íà (Hτ)q ¹ içî-

ìåòðè÷íèì içîìîðôiçìîì ìiæ (Hτ)q i çâàæåíèì ñèìåòðè÷íèì ïðîñòîðîì

Ôîêà
∞
⊕
m=0

(m!)22qmH⊗̂mτ,C (ïîðiâíþþ÷è ç [49]); i, çâè÷àéíî, çâóæåííÿ òî-

òîæíîãî îïåðàòîðà ç HC íà ïðîñòið Hτ,C ¹ òîòîæíèì îïåðàòîðîì íà

Hτ,C , äëÿ äîâiëüíèõ m ∈ Z+ i

f (m)
· ∈ H⊗̂mτ,C ⊗Hτ,C ⊂ H(m)

ext ⊗HC

ìè ìà¹ìî

:〈◦⊗m, f (m)
· 〉 : ∈ (Hτ)q ⊗Hτ,C

(äèâ. (1.12)). Çðîçóìiëî, ùî òàêi åëåìåíòè óòâîðþþòü îðòîãîíàëüíèé áà-

çèñ ó êîæíîìó (Hτ)q ⊗Hτ,C , òîáòî, áóäü-ÿêó f ∈ (Hτ)q ⊗Hτ,C ìîæíà

îäíîçíà÷íî ïðåäñòàâèòè ó âèãëÿäi

f(·) =
∞∑
m=0

:〈◦⊗m, f (m)
· 〉 :, f (m)

· ∈ H⊗̂mτ,C ⊗Hτ,C (2.62)
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(ðÿä çáiæíèé â (Hτ)q ⊗Hτ,C ), i

‖f‖2
(Hτ )q⊗Hτ,C =

∞∑
m=0

(m!)22qm|f (m)
· |2H⊗̂mτ,C ⊗Hτ,C

<∞.

Îçíà÷åííÿ 2.6. Íåõàé n ∈ N , F
(n)
ext ∈ H

(n)
−τ . Âèçíà÷èìî ëiíiéíèé íå-

ïåðåðâíèé îïåðàòîð

(D̂n◦)(F (n)
ext ) : (Hτ)q ⊗Hτ,C → (Hτ)q ⊗Hτ,C, (2.63)

ïîêëàâøè äëÿ f ∈ (Hτ)q ⊗Hτ,C

(D̂nf(·))(F (n)
ext ) :=

∞∑
m=n

m!

(m− n)!
:〈◦⊗m−n, 〈F (n)

ext , f
(m)
· 〉EXT 〉 : ≡

≡
∞∑
m=0

(m+ n)!

m!
:〈◦⊗m, 〈F (n)

ext , f
(m+n)
· 〉EXT 〉 :

(2.64)

(ïîðiâíþþ÷è ç (2.14), (2.35)), äå f
(m)
· ∈ H⊗̂mτ,C ⊗Hτ,C � ÿäðà ç ðîçêëàäó

(2.62) äëÿ f .

Êîðåêòíiñòü öüîãî âèçíà÷åííÿ äîâîäèòüñÿ çà àíàëîãi¹þ ç äîâåäåí-

íÿì êîðåêòíîñòi D .

Çàóâàæèìî, ùî çâóæåííÿ (D̂n◦)(F (n)
ext ) íà ïðîñòið

(Hτ)⊗Hτ,C := pr lim
q∈Z+

(Hτ)q ⊗Hτ,C,

àáî íà ïðîñòið



92

(D)⊗DC := pr lim
q∈Z+,τ∈T

(Hτ)q ⊗Hτ,C

¹ ëiíiéíèì íåïåðåðâíèì îïåðàòîðîì íà âiäïîâiäíîìó ïðîñòîði.

Ïîðiâíþþ÷è ïîáóäîâó îïåðàòîðiâ (2.34) i (2.63), ìîæíà çðîáèòè âè-

ñíîâîê, ùî äëÿ âèâ÷åííÿ âçà¹ìîçâ'ÿçêó ìiæ öèìè îïåðàòîðàìè, íåîáõiäíî

âèâ÷èòè âçà¹ìîçâ'ÿçîê ìiæ "äîáóòêàìè" � i � .

Ëåìà 2.4. Íåõàé n,m ∈ Z+ . Äëÿ F (n) ∈ H(n)
ext ⊂ H

(n)
−τ,C i G

(m)
· ∈

H(m)
ext ⊗HC ⊂ H(m)

−τ,C ⊗H−τ,C

F (n)�G(m)
· = F (n) �G(m)

· ∈ H(n+m)
ext ⊗HC ⊂ H(n+m)

−τ,C ⊗H−τ,C (2.65)

Äîâåäåííÿ. Äëÿ n = 0 àáî m = 0 (2.65) î÷åâèäíî, âèêîíó¹òüñÿ, òîìó

ðîçãëÿíåìî âèïàäîê n,m ∈ N . Ñïî÷àòêó âñòàíîâèìî, ùî äëÿ êîæíîãî

λ ∈ DC

〈F (n)�G(m)
· , λ⊗n+m+1〉H(n+m)

ext ⊗HC
= (F (n) �G(m)

· , λ⊗n+m+1)H(n+m)
ext ⊗HC

. (2.66)

Ñïðàâäi, çãiäíî ç (2.59) i (2.58)

〈F (n)�G(m)
· , λ⊗n+m+1〉H(n+m)

ext ⊗HC
=

= 〈(U−1
n+m ⊗ 1){(Pr ⊗ 1)[(UnF

(n))⊗ ((Um ⊗ 1)G(m)
· )]}, λ⊗n+m+1〉H(n+m)

ext ⊗HC
=

= 〈(UnF (n))⊗ ((Um ⊗ 1)G(m)
· ), λ⊗n+m+1〉H⊗n+m+1

C
=

= 〈UnF (n), λ⊗n〉H⊗nC
〈(Um ⊗ 1)G(m)

· , λ⊗m+1〉H⊗m+1
C

=

= 〈F (n), λ⊗n〉H(n)
ext
〈G(m)
· , λ⊗m+1〉H(m)

ext ⊗HC
.

(2.67)
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Ç iíøîãî áîêó, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ, ïðèéíÿòi ïðè âèçíà÷åííi

F (n) �G(m)
· , çãiäíî ç (1.7), îòðèìà¹ìî

(F (n) �G(m)
· , λ⊗n+m+1)H(n+m)

ext ⊗HC
= (

̂
f (n)g

(m)
· , λ⊗n+m+1)H(n+m)

ext ⊗HC
=

=
∑

k,lj ,sj∈N: j=1,...,k, l1>l2>···>lk,
l1s1+···+lksk=n+m

(n+m)!

s1! · · · sk!

(‖pl1‖ν
l1!

)2s1
· · ·
(‖plk‖ν

lk!

)2sk
×

×
∫
Rs1+···+sk+1

+

̂
f (n)g

(m)
u (u1, . . . , u1︸ ︷︷ ︸

l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)×

×λl1(u1) · · ·λlk(us1+···+sk)du1 · · · dus1+···+skdu.

Çà àíàëîãi¹þ ç [47, ïàðàãðàô 2.2], ìîæíà ïîêàçàòè, ùî ïðàâà ÷àñòèíà

öi¹¨ ðiâíîñòi äîðiâíþ¹

(F (n), λ⊗n)H(n)
ext

(G(m)
· , λ⊗m+1)H(m)

ext ⊗HC
= 〈F (n), λ⊗n〉H(n)

ext
〈G(m)
· , λ⊗m+1〉H(m)

ext ⊗HC
.

Ïîðiâíþþ÷è öåé ðåçóëüòàò ç (2.67), îòðèìà¹ìî (2.66).

Äàëi,

F (n) �G(m)
· ∈ H(n+m)

ext ⊗HC ⊂ D′(n+m)
C ⊗D′C = ∪

τ∈T
H(n+m)
−τ,C ⊗H−τ,C

ïîðîäæó¹ ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë íà

D⊗̂n+m
C ⊗DC = pr lim

τ∈T
H⊗̂n+m
τ,C ⊗Hτ,C

çà ôîðìóëîþ
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l(◦) := (F (n) �G(m)
· , ◦)H(n+m)

ext ⊗HC
.

Ç iíøîãî áîêó,

F (n)�G(m)
· ∈ H(n+m)

−τ,C ⊗H−τ,C ⊂ D
′(n+m)
C ⊗D′C

ïîðîäæó¹ ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë íà D⊗̂n+m
C ⊗DC çà ôîðìó-

ëîþ

l̂(◦) := 〈F (n)�G(m)
· , ◦〉H(n+m)

ext ⊗HC
.

Çãiäíî ç (2.66), l̂ = l íà òîòàëüíié ó ïðîñòîði D⊗̂n+m
C ⊗ DC ìíîæèíi

{λ⊗n+m+1 : λ ∈ DC} , òîìó öi ëiíiéíi íåïåðåðâíi ôóíêöiîíàëè çáiãàþòüñÿ

íà óñüîìó D⊗̂n+m
C ⊗DC , çâiäêè âèïëèâà¹ (2.65).

ßê íàñëiäîê ç öi¹¨ ëåìè ìè îòðèìà¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.5. Äëÿ äîâiëüíèõ n ∈ N i f (n) ∈ H(n)
ext ⊂ H

(n)
−τ,C çâóæåííÿ

îïåðàòîðà (Dn◦)(f (n)) ç ïðîñòîðó (L2)⊗HC = (L2)0
0⊗HC íà ïðîñòið

(Hτ)q ⊗Hτ,C çáiãà¹òüñÿ ç îïåðàòîðîì (D̂n◦)(f (n)) .

Äîâåäåííÿ. Çãiäíî ç (2.35) i (2.64), äîñòàòíüî ïîêàçàòè, ùî äëÿ äîâiëü-

íèõ m ≥ n i

F (m)
· ∈ H⊗̂mτ,C ⊗Hτ,C ⊂ H(m)

ext ⊗HC (f (n), F (m)
· )EXT = 〈f (n), F (m)

· 〉EXT

â H(m−n)
ext ⊗HC . Ñïðàâäi, çãiäíî ç (2.31), (2.65) i (2.61), äëÿ äîâiëüíèõ

G(m−n)
· ∈ H(m−n)

ext ⊗HC ⊂ H(m−n)
−τ,C ⊗H−τ,C,
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ìè îòðèìà¹ìî

(G(m−n)
· , (f (n), F (m)

· )EXT )H(m−n)
ext ⊗HC

= (f (n) �G(m−n)
· , F (m)

· )H(m)
ext ⊗HC

=

= 〈f (n)�̂G(m−n)
· , F (m)

· 〉H(m)
ext ⊗HC

= 〈G(m−n)
· , 〈f (n), F (m)

· 〉EXT 〉H(m−n)
ext ⊗HC

=

= (G(m−n)
· , 〈f (n), F (m)

· 〉EXT )H(m−n)
ext ⊗HC

,

çâiäêè âèïëèâà¹ ïîòðiáíå.

Çàóâàæåííÿ 2.12. ßê çàçíà÷åíî âèùå, iñíó¹ àíàëîã òåîðåìè 2.5 äëÿ

îïåðàòîðiâ Dn (äåòàëüíiøå äèâ. [47]): äëÿ äîâiëüíîãî n ∈ N i f (n) ∈

H(n)
ext ⊂ H

(n)
−τ,C çâóæåííÿ îïåðàòîðà (Dn◦)(f (n)) ç ïðîñòîðó (L2) = (L2)0

0

íà ïðîñòið (Hτ)q çáiãà¹òüñÿ ç îïåðàòîðîì ñòîõàñòè÷íîãî äèôåðåíöi-

þâàííÿ íà (Hτ)q .

Âèñíîâêè äî ðîçäiëó 2

Ó äðóãîìó ðîçäiëi äèñåðòàöi¨ óâåäåíî i äåòàëüíî âèâ÷åíî îïåðàòî-

ðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ

i óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi, ïîáóäîâàíèõ ç âè-

êîðèñòàííÿì àíàëîãó âëàñòèâîñòi õàîòè÷íîãî ðîçêëàäó, çàïðîïîíîâàíîãî

�. Â. Ëèòâèíîâèì. Îêðåìî ðîçãëÿíóòî âèïàäêè, ó ÿêèõ çãàäàíi îïåðàòî-

ðè ¹ îáìåæåíèìè òà íåîáìåæåíèìè. Ðåçóëüòàòè ðîçäiëó ¹ óçàãàëüíåííÿì

íà âåðñiþ àíàëiçó áiëîãî øóìó Ëåâi, ùî ðîçáóäîâó¹òüñÿ â äèñåðòàöi¨,

âiäïîâiäíèõ ðåçóëüòàòiâ ãàóññiâñüêîãî àíàëiçó áiëîãî øóìó. Òàê ñàìî,

ÿê i ó ãàóññiâñüêîìó àíàëiçi, ïîáóäîâàíi îïåðàòîðè ñòîõàñòè÷íîãî äèôå-

ðåíöiþâàííÿ ìîæíà âèêîðèñòîâóâàòè äëÿ âèâ÷åííÿ äåÿêèõ âëàñòèâîñòåé
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ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà; à òàêîæ äëÿ âèâ÷åííÿ âëàñòèâî-

ñòåé ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ iíòåãðàëüíèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü ç

íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó.

Êðiì òîãî, ó ðîçäiëi äîâåäåíî, ùî íà ïåðåòèíàõ ïðîñòîðiâ ðåãóëÿð-

íèõ òà íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié óâåäåíi â äèñåðòàöi¨ îïåðàòîðè

ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ ñïiâïàäàþòü iç âiäïîâiäíèìè îïåðàòî-

ðàìè íà ïðîñòîðàõ íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié. Öå äà¹, çîêðåìà,

ìîæëèâiñòü âèêîðèñòîâóâàòè ïåâíi ðåçóëüòàòè, ïîâ'ÿçàíi iç îïåðàòîðà-

ìè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ íåðåãóëÿðíèõ îñíîâíèõ

ôóíêöié, â àíàëiçi áiëîãî øóìó Ëåâi íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ

i óçàãàëüíåíèõ ôóíêöié.

Îñíîâíi ðåçóëüòàòè ðîçäiëó îïóáëiêîâàíi ó òàêèõ ïðàöÿõ [23], [25],

[27].
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ÐÎÇÄIË 3

ÅËÅÌÅÍÒÈ ÂIÊIÂÑÜÊÎÃÎ ×ÈÑËÅÍÍß

Â öüîìó ðîçäiëi ìè ââåäåìî i âèâ÷èìî âiêiâñüêèé äîáóòîê òà âiêiâ-

ñüêi âåðñi¨ ãîëîìîðôíèõ ôóíêöié íà "ãðàíè÷íèõ" ïðîñòîðàõ ðåãóëÿðíèõ

óçàãàëüíåíèõ ôóíêöié (L2)−β .

3.1. Âiêiâñüêèé äîáóòîê òà âiêiâñüêi âåðñi¨ ãîëîìîð-

ôíèõ ôóíêöié íà (L2)−β

Ñïî÷àòêó äàìî íåîáõiäíi îçíà÷åííÿ. Çàðàç β ∈ [0, 1] .

Îçíà÷åííÿ 3.1. Äëÿ F ∈ (L2)−β âèçíà÷èìî S -ïåðåòâîðåííÿ

(SF )(λ), λ ∈ DC,

ÿê ôîðìàëüíèé, âçàãàëi êàæó÷è, ðÿä

(SF )(λ) =
∞∑
m=0

(F (m), λ⊗m)ext, (3.1)

äå F (m) ∈ H(m)
ext , m ∈ Z+ � ÿäðà ç ðîçêëàäó (1.5) äëÿ F . Çîêðåìà,

(SF )(0) = F (0), S1 ≡ 1.

Çàóâàæèìî, ùî êîæåí äîäàíîê ðÿäó (3.1) âèçíà÷åíèé êîðåêòíî, àëå

ðÿä ìîæå ðîçáiãàòèñÿ.

Îçíà÷åííÿ 3.2. Äëÿ F, G ∈ (L2)−β òà ãîëîìîðôíî¨ ó F (0) ôóíêöi¨

h : C → C , âèçíà÷èìî âiêiâñüêèé äîáóòîê F♦G òà âiêiâñüêó âåðñiþ

h♦(F ) , ôîðìàëüíî ïîêëàâøè

F♦G := S−1(SF · SG), h♦(F ) := S−1h(SF ). (3.2)



98

Òàê âèçíà÷åíèé âiêiâñüêèé äîáóòîê ♦ , ¹ êîìóòàòèâíèì, àñîöiàòèâ-

íèì i äèñòðèáóòèâíèì (íàä C ).

Ôóíêöiþ h, ç îçíà÷åííÿ 3.2, ìîæíà ïðåäñòàâèòè ó âèãëÿäi

h(u) =
∞∑
m=0

hm(u− (SF )(0))m, (3.3)

òîäi

h♦(F ) =
∞∑
m=0

hm(F − (SF )(0))♦m, (3.4)

äå

F♦m := F ♦ . . .♦︸ ︷︷ ︸
m ðàçiâ

F,

F♦0 := 1 .

Ç ôîðìóëè (2.23) ç [47] âèïëèâà¹, ùî äëÿ F (n) ∈ H(n)
ext, G

(m) ∈ H(m)
ext

i λ ∈ DC

(F (n), λ⊗n)ext(G
(m), λ⊗m)ext = (F (n) �G(m), λ⊗n+m)ext. (3.5)

Íàãàäà¹ìî, ùî äîáóòîê � ¹ àíàëîãîì ñèìåòðè÷íîãî òåíçîðíîãî äîáóòêó

íà ïðîñòîðàõ H(n)
ext . Âèêîðèñòîâóþ÷è (3.5), çà àíàëîãi¹þ ç ìàéêñíåðiâ-

ñüêèì àíàëiçîì, ìîæíà ïiäðàõóâàòè êîîðäèíàòíi ôîðìóëè äëÿ âiêiâñüêîãî

äîáóòêó i âiêiâñüêèõ âåðñié ãîëîìîðôíèõ ôóíêöié, òîáòî ïðåäñòàâëåííÿ

F♦G òà h♦(F ) ÷åðåç ÿäðà F (k), G(k) ∈ H(k)
ext ç ðîçêëàäiâ (1.5) äëÿ F

i G òà êîåôiöi¹íòiâ hn ∈ C, n ∈ Z+ ç ðîçêëàäó (3.3) äëÿ h .

Òâåðäæåííÿ 3.1. Äëÿ F1, . . . , Fn ∈ (L2)−β
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F1♦ . . .♦Fn =
∞∑
m=0

: 〈◦⊗m,
∑

k1,...,kn∈Z+, k1+...+kn=m

F
(k1)
1 � . . . � F (kn)

n 〉 :, (3.6)

çîêðåìà, äëÿ F, G ∈ (L2)−β

F♦G =
∞∑
m=0

: 〈◦⊗m,
m∑
k=0

F (k) �G(m−k)〉 :; (3.7)

i äëÿ F ∈ (L2)−β òà ãîëîìîðôíî¨ ó F (0) ôóíêöi¨ h : C→ C

h♦(F ) = h0 +
∞∑
m=1

: 〈◦⊗m,
m∑
n=1

hn
∑

k1,...,kn∈N, k1+...+kn=m

F (k1) � . . .�F (kn)〉 :, (3.8)

äå F
(kj)
j ∈ H(kj)

ext , j ∈ {1, . . . , n}, kj ∈ N � ÿäðà ç ðîçêëàäó (1.5) äëÿ Fj ;

F (k), G(k) ∈ H(k)
ext � ÿäðà ç öüîãî æ ðîçêëàäó äëÿ F i G âiäïîâiäíî;

hn ∈ C, n ∈ Z+ � êîåôiöi¹íòè ç ðîçêëàäó (3.3) äëÿ h .

Äëÿ òîãî, ùîá íàäàòè ïîíÿòòÿì "âiêiâñüêèé äîáóòîê" òà "âiêiâñüêà

âåðñiÿ ãîëîìîðôíî¨ ôóíêöi¨" íåôîðìàëüíîãî ñåíñó, ñëiä âèâ÷èòè ïèòàííÿ

çáiæíîñòi ðÿäiâ (3.6) òà (3.8). Iç âèêîðèñòàííÿì îöiíêè (2.3) òàê ñàìî,

ÿê i ó ìàéêñíåðiâñüêîìó àíàëiçi [45], äîâîäÿòüñÿ íàñòóïíi òâåðäæåííÿ

(íàãàäà¹ìî, ùî β ∈ [0, 1] ).

Òåîðåìà 3.1. Íåõàé F1, . . . , Fn ∈ (L2)−β . Òîäi âiêiâñüêèé äîáóòîê F1♦ . . .

. . .♦Fn ∈ (L2)−β . Áiëüøå òîãî, âiêiâñüêå ìíîæåííÿ ¹ íåïåðåðâíèì ó

òîïîëîãi¨ (L2)−β , òî÷íiøå, äëÿ áóäü-ÿêèõ F1, . . . , Fn ∈ (L2)−β, n ∈ N ,

iñíóþòü q, q′ ∈ Z+ (q > q′ + (1− β) log2 n+ 1) òàêi, ùî

‖F1♦ . . .♦Fn‖−q,−β ≤ c(n− 1)‖F1‖−q′,−β, . . . , ‖Fn‖−q′,−β, (3.9)

äå
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c(n) =
√

max
m∈Z+

[2−m(m+ 1)n].

Ç òåîðåìè 3.1 âèïëèâà¹, ùî ÿêùî F ∈ (L2)−β òà h : C → C

¹ ïîëiíîìîì, òî h♦(F ) ∈ (L2)−β . Àëå äëÿ çàãàëüíèõ h ñèòóàöiÿ ¹

ñêëàäíiøîþ: âèÿâëÿ¹òüñÿ, ùî âèïàäêè β = 1 òà β ∈ [0, 1) ¹ ñóòò¹âî

ðiçíèìè.

Òåîðåìà 3.2. Íåõàé F ∈ (L2)−1 òà ôóíêöiÿ h : C→ C ãîëîìîðôíà ó

(SF )(0) . Òîäi h♦(F ) ∈ (L2)−1 .

Íåõàé òåïåð β ∈ [0, 1) . Îñêiëüêè (L2)−β ⊂ (L2)−1 , òî äëÿ

F ∈ (L2)−β òà ãîëîìîðôíî¨ ó (SF )(0) ôóíêöi¨ h : C → C âiêiâ-

ñüêà âåðñiÿ h♦(F ) ¹ êîðåêòíî âèçíà÷åíèì åëåìåíòîì (L2)−1 . Â òîé

æå ÷àñ h♦(F ) ìîæå íå íàëåæàòè (L2)−β , ÿêùî h íå ¹ ïîëiíîìîì.

Òî÷íiøå, ñïðàâåäëèâèé òàêèé ðåçóëüòàò.

Òåîðåìà 3.3. Íåõàé h : C → C ãîëîìîðôíà â u0 ∈ C ôóíêöiÿ, ùî íå

¹ ïîëiíîìîì, ó ÿêî¨ âñi êîåôiöi¹íòè hn ç ðîçêëàäó

h(u) =
∞∑
n=0

hn(u− u0)
n (3.10)

¹ äiéñíèì òà íåâiä'¹ìíèìè. Òîäi äëÿ êîæíîãî β ∈ [0, 1) iñíó¹ F ∈

(L2)−β ç (SF )(0) = u0 òàêà, ùî h♦(F ) /∈ (L2)−β .

Ç òåîðåìè 3.3 âèïëèâà¹, çîêðåìà, ùî, âçàãàëi êàæó÷è, íå iñíó¹ îöi-

íîê íà êîåôiöi¹íòè ç ðîçêëàäó

h(u) =
∞∑
n=0

hn(u− F (0))n (3.11)
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äëÿ íåïîëiíîìiàëüíî¨ h , ÿêi á ãàðàíòóâàëè, ùî äëÿ áóäü-ÿêèõ F ∈

(L2)−β , β ∈ [0, 1) , ç (SF )(0) = F (0) , h♦(F ) ∈ (L2)−β . Îäíàê, ñïðàâå-

äëèâå òàêå òâåðäæåííÿ.

Òåîðåìà 3.4. Íåõàé

F =
N∑
m=0

: 〈◦⊗m, F (m)〉 :,

F (m) ∈ H(m)
ext òà êîåôiöi¹íòè hn , ç ðîçêëàäó (3.11), äëÿ ãîëîìîðôíî¨ ó

F (0) ôóíêöi¨ h : C→ C çàäîâîëüíÿþòü îöiíêè

|hn| ≤
Kn

nnN
1−β
2

(3.12)

n ∈ N , ç äåÿêèì K > 0 . Òîäi, h♦(F ) ∈ (L2)−β .

Íåõàé òåïåð 0 ≤ β1 < β2 ≤ 1 . Ç'ÿñó¹ìî äîñòàòíþ óìîâó, çà ÿêî¨

h♦(F ) ∈ (L2)−β2 äëÿ F ∈ (L2)−β1 (ïðè β2 = 1 öå ñïðàâåäëèâî çàâæäè).

Òåîðåìà 3.5. Íåõàé 0 ≤ β1 < β2 ≤ 1 , F ∈ (L2)−β1 , h : C → C �

ãîëîìîðôíà ó (SF )(0) ôóíêöiÿ. ßêùî iñíó¹ K > 0 òàêå, ùî äëÿ áóäü-

ÿêîãî n ∈ N

|hn| ≤
Kn

max
m∈N: m≥n

(
nm

1−β2
2

([mn ]!)nβ2−β12

) , (3.13)

äå hn � êîåôiöi¹íòè ç ðîçêëàäó (3.11) äëÿ h , [·] ïîçíà÷à¹ öiëó

÷àñòèíó ÷èñëà, òî h♦(F ) ∈ (L2)−β2 .
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3.2. Âiêiâñüêå ÷èñëåííÿ òà îïåðàòîðè ñòîõàñòè÷íîãî

äèôåðåíöiþâàííÿ

Ó öüîìó ïiäðîçäiëi ïîêàæåìî, ùî îïåðàòîð ñòîõàñòè÷íîãî äèôåðåí-

öiþâàííÿ D ¹ äèôåðåíöiþâàííÿì âiäíîñíî âiêiâñüêîãî ìíîæåííÿ (òîáòî

çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíiöà).

Ñïî÷àòêó âèçíà÷èìî õàðàêòåðèçàöiéíó ìíîæèíó ïðîñòîðó (L2)−β

ó òåðìiíàõ S -ïåðåòâîðåííÿ, ïîêëàâøè

Bβ := S(L2)−β ≡ {K|∃F ∈ (L2)−β : K = SF}.

Bβ ñêëàäà¹òüñÿ ç ôîðìàëüíèõ ðÿäiâ âèãëÿäó (3.1), ÿêi ìîæóòü ðîçáiãà-

òèñÿ ÿê ÷èñëîâi ðÿäè, àëå ÿäðà ÿêèõ çàäîâîëüíÿþòü óìîâó: iñíó¹ q ∈ Z+

òàêå, ùî

∞∑
m=0

(m!)1−β2−qm|F (m)|2ext <∞.

Òâåðäæåííÿ 3.2. Bβ ¹ àëãåáðîþ âiäíîñíî ïîòî÷êîâîãî ìíîæåííÿ.

Äîâåäåííÿ. Ç òåîðåìè 3.1 ïðè n = 2 âèïëèâà¹, ùî äëÿ äîâiëüíèõ

F, G ∈ (L2)−β

F♦G = S−1(SF · SG) ∈ (L2)−β,

îòæå, SF · SG = S(F♦G) ∈ Bβ , òîáòî ïîòî÷êîâèé äîáóòîê äâîõ äîâiëü-

íèõ åëåìåíòiâ Bβ ¹ åëåìåíòîì Bβ . Âèêîíàííÿ iíøèõ óìîâ ç îçíà÷åííÿ

àëãåáðè âèïëèâà¹ ç âëàñòèâîñòåé ïîòî÷êîâîãî äîáóòêó.
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Íåõàé g ∈ H(1)
ext = HC . Âèçíà÷èìî óçàãàëüíåíó "ïîõiäíó ïî íà-

ïðÿìêó" D�g : Bβ → Bβ . Ïîêëàäåìî äëÿ

(SF )(·) =
∞∑
m=0

(F (m), ·⊗m)ext ∈ Bβ (F ∈ (L2)−β, F (m) ∈ H(m)
ext

� ÿäðà ç ðîçêëàäó (1.5) äëÿ F )

(D�gSF )(·) :=
∞∑
m=0

(m+ 1)(F (m+1), g � (·⊗m))ext =

=
∞∑
m=0

(m+ 1)((F (m+1), g)ext, ·⊗m)ext ∈ Bβ

(3.14)

(äèâ. (2.11)). Îñêiëüêè

S−1(D�gSF ) =
∞∑
m=0

(m+ 1) : 〈◦⊗m, (F (m+1), g)ext〉 := (DF )(g) ∈ (L2)−β,

òî âèçíà÷åííÿ D�g ¹ êîðåêòíèì i ñïðàâåäëèâå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3.3. Îïåðàòîð ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ (D◦)(g), g ∈

H(1)
ext = HC , ¹ ïðîîáðàçîì "ïîõiäíî¨ ïî íàïðÿìêó" D�g ôîðìàëüíîãî ðÿäó

S◦ ïðè S -ïåðåòâîðåííi, òîáòî äëÿ âñiõ F ∈ (L2)−β

(DF )(g) = S−1(D�gSF ) ∈ (L2)−β. (3.15)

Îñíîâíèì ðåçóëüòàòîì ïîòî÷íîãî ïiäðîçäiëó ¹ òàêà òåîðåìà.

Òåîðåìà 3.6. Îïåðàòîð ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ D ¹ äèôåðåí-

öiþâàííÿì âiäíîñíî âiêiâñüêîãî ìíîæåííÿ, òîáòî äëÿ áóäü-ÿêèõ F, G ∈

(L2)−β òà g ∈ H(1)
ext = HC

D(F♦G)(g) = (DF )(g)♦G+ F♦(DG)(g) ∈ (L2)−β. (3.16)
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Äîâåäåííÿ. Îñêiëüêè

(DF )(g) = S−1(D♦
g SF )

i

F♦G := S−1(SF · SG),

òî îòðèìà¹ìî

D(F♦G)(g) = S−1(D�g(S(F♦G))) = S−1(D�g(SF · SG)),

(DF )(g)♦G = S−1(S(DF )(g) · SG) = S−1(D�g(SF ) · SG),

F♦(DG)(g) = S−1(SF · S(DG)(g)) = S−1(SF ·D�g(SG)),

îòæå, äîñòàòíüî äîâåñòè, ùî

D�g(SF · SG) = D�g(SF ) · SG+ SF ·D�g(SG). (3.17)

Íåõàé F (m), G(m) ∈ H(m)
ext � ÿäðà ç ðîçêëàäiâ (1.5) äëÿ F i G âiä-

ïîâiäíî. Âèêîðèñòîâóþ÷è îçíà÷åííÿ S -ïåðåòâîðåííÿ i D�g òà ðiâíiñòü

(3.5), îòðèìà¹ìî

(SF )(λ) =
∞∑
n=0

(F (n), λ⊗n)ext; (SG)(λ) =
∞∑
m=0

(G(m), λ⊗m)ext,

(SF )(λ) · (SG)(λ) =
∞∑

n,m=0

(F (n) �G(m), λ⊗n+m)ext,

D�g((SF )(λ) · (SG)(λ)) =
∞∑

n,m=0

(n+m)(F (n) �G(m), g � λ⊗n+m−1)ext,
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D�g(SF )(λ) =
∞∑
n=0

n(F (n), g � λ⊗n−1)ext,

D�g(SG)(λ) =
∞∑
n=0

m(G(m), g � λ⊗m−1)ext,

D�g(SF )(λ) · (SG)(λ) =
∞∑

n,m=0

n(F (n), g � λ⊗n−1)ext(G
(m), λ⊗m)ext

(SF )(λ) ·D�g(SG)(λ) =
∞∑

n,m=0

m(F (n), λ⊗n)ext(G
(m), g � λ⊗m−1)ext.

Òàêèì ÷èíîì, ùîá îòðèìàòè (3.17), äîñòàòíüî äîâåñòè, ùî äëÿ âñiõ

n, m ∈ Z+

(n+m)(F (n) �G(m), g � λ⊗n+m−1)ext = n(F (n), g � λ⊗n−1)ext(G
(m), λ⊗m)ext+

+m(F (n), λ⊗n)ext(G
(m), g � λ⊗m−1)ext.

(3.18)

Çðîçóìiëî, ùî äëÿ n = 0 (÷è m = 0 ) (3.18) ñïðàâåäëèâå, îòæå, ìè

ðîçãëÿíåìî ëèøå âèïàäîê n, m ∈ N .

Ïîðàõó¹ìî

(n+m)(F (n) �G(m), g � λ⊗n+m−1)ext.

Íåõàé ḟ (n) ∈ F (n) , ġ(m) ∈ G(m) � ïðåäñòàâíèêè êëàñiâ åêâiâàëåíòíîñòi

F (n), G(m) , ̂f (n)g(m) � ñèìåòðèçàöiÿ ˜f (n)g(m) ç ôîðìóëè (2.2) çà âñiìà

çìiííèìè. Íàãàäà¹ìî, ùî

F (n) �G(m) ∈ H(n+m)
ext

� êëàñ åêâiâàëåíòíîñòi â H(n+m)
ext , ïîðîäæåíèé ̂f (n)g(m) .
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Áåç âòðàòè çàãàëüíîñòi, ìîæíà ââàæàòè, ùî ḟ (n) òà ġ(m) ¹ ñèìå-

òðè÷íèìè ôóíêöiÿìè, i m ≥ n . Âðàõîâóþ÷è öþ ñèìåòðè÷íiñòü, îòðèìà-

¹ìî

̂f (n)g(m)(u1, . . . , un;un+1, . . . , un+m) =
n!m!

(n+m)!
×

×
∑

1≤p1,...,pn≤n,n+1≤q1,...,qm≤n+m
0≤r≤n,p1<···<pr,pr+1<···<pn,q1<···<qn−r,qn−r+1<···<qm

˜f (n)g(m)(up1, . . . , upr , uq1, . . . , uqn−r ;

upr+1
, . . . , upn, uqn−r+1

, . . . , uqm)

(3.19)

(òóò äëÿ r = n àðãóìåíò ó ïðàâié ÷àñòèíi (3.19)

(u1, . . . , un;un+1, . . . , un+m);

äëÿ r = 0 öåé àðãóìåíò

(uq1, . . . , uqn;u1, . . . , un, uqn+1
, . . . , uqm))

(äåòàëüíiøå äèâ. äîâåäåííÿ ëåìè 2.1). Ïiäñòàâëÿþ÷è (3.19) â ëiâó ÷àñòèíó

(3.18), îòðèìà¹ìî (äèâ.(1.7))

(n+m)(F (n) �G(m), g � λ⊗n+m−1)ext = (n+m)( ̂f (n)g(m), ̂λ⊗n+m−1g)ext =

= (n+m)
∑

k,lj ,sj∈N:j=1,...,k,l1>l2>···>lk,
l1s1+···+lksk=n+m

(n+m)!

s1! . . . sk!

(
‖pl1‖ν
l1!

)2s1

. . .

(
‖plk‖ν
lk!

)2sk

×

∫
Rs1+···+sk+

̂f (n)g(m)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)
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( ̂λ⊗n+m−1g)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)×

×du1 . . . dus1+···+sk =

= (n+m)
∑

k,lj ,sj∈N:j=1,...,k,l1>l2>···>lk,
l1s1+···+lksk=n+m

n!m!

s1! . . . sk!

(
‖pl1‖ν
l1!

)2s1

. . .

(
‖plk‖ν
lk!

)2sk

×

×[

∫
Rs1+···+sk+

˜f (n)g(m)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)×

×( ̂λ⊗n+m−1g)(u1, . . . , u1︸ ︷︷ ︸
l1

, . . . , us1+···+sk, . . . , us1+···+sk︸ ︷︷ ︸
lk

)×

×du1 . . . dus1+···+sk + . . .].

(3.20)

ßê i ó äîâåäåííi ëåìè 2.1, íàáîðè ðiâíèõ àðãóìåíòiâ (íàïðèêëàä,

u1, . . . , u1︸ ︷︷ ︸
l1

)

íàçèâàòèìåìî êîðòåæàìè. Ç âïîðÿäêîâàíîñòi çà çðîñòàííÿì iíäåêñiâ ó

(3.19) i ó (1.7) âèïëèâà¹, ùî ó äîäàíêàõ ó âíóòðiøíiõ ñóìàõ [. . . ] ç

(3.20) êîðòåæi ìîæóòü "ðîçðèâàòèñÿ" òiëüêè òàêèì ÷èíîì, ùî ðiçíi ÷à-

ñòèíè "ðîçiðâàíîãî" êîðòåæó áóäóòü ïî ðiçíi áîêè âiä ';'; êîðòåæi ïî

îäèí áiê âiä ';' íå ìiíÿþòüñÿ ìiñöÿìè; òà åëåìåíòè êîðòåæiâ íå ìiíÿþ-

òüñÿ ìiñöÿìè. Êðiì òîãî, ç êîíñòðóêöi¨ ˜f (n)g(m) âèïëèâà¹, ùî äîäàíêè ó

âíóòðiøíiõ ñóìàõ [. . . ] â (3.20), â ÿêèõ ¹ êîðòåæ, ðîçäiëåíèé çíàêîì ';',

äîðiâíþþòü íóëåâi. Iíøi äîäàíêè (ÿêùî iñíóþòü äëÿ íàáîðó k, lj, sj )

ðîçïàäàþòüñÿ íà ãðóïè ðiâíèõ ìiæ ñîáîþ iíòåãðàëiâ. Öi ãðóïè âèíèêàþòü

çà ðàõóíîê âçà¹ìíèõ ïåðåñòàíîâîê êîðòåæiâ îäíàêîâî¨ äîâæèíè, ùî ðîç-

òàøîâàíi ïî ðiçíi áîêè âiä ';', ðiâíiñòü iíòåãðàëiâ ïðè òàêèõ ïåðåñòàíîâêàõ
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âèïëèâà¹ ç ñèìåòðè÷íîñòi ôóíêöi¨ ̂λ⊗n+m−1g : öÿ ñèìåòðè÷íiñòü äà¹ ìî-

æëèâiñòü âçà¹ìíî ïåðåñòàâëÿòè êîðòåæi îäíàêîâî¨ äîâæèíè ó àðãóìåíòi

̂λ⊗n+m−1g .

Çðîçóìiëî, ùî ÿêùî ïåðåä ';' ñòî¨òü s′ êîðòåæåé äîâæèíè l òà

ïiñëÿ ';' ñòî¨òü s′′ êîðòåæåé äîâæèíè l , òî çà ðàõóíîê âçà¹ìíèõ ïåðå-

ñòàíîâîê öèõ êîðòåæåé ìîæíà îòðèìàòè

(s′ + s′′)!

s′!s′′!

ðiâíèõ äîäàíêiâ.

Íåâàæêî áà÷èòè, ùî íåíóëüîâi äîäàíêè ó ñóìi (3.20) "ïîâ'ÿçàíi" ç

âèðàçàìè

l1s1 + · · ·+ lksk = n+m, (3.21)

ÿêi ìîæíà ïðåäñòàâèòè ó âèãëÿäi

l′1s
′
1 + · · ·+ l′k′s

′
k′ = n, l′′1s

′′
1 + · · ·+ l′′k′′s

′′
k′′ = m,

k′, k′′, l′1, . . . , l
′
k′, s

′
1, . . . , s

′
k′, l
′′
1 , . . . , l

′′
k′′, s

′′
1, . . . , s

′′
k′′ ∈ N,

l′1 > · · · > l′k′, l
′′
1 > · · · > l′′k′′

(3.22)

(ïåðøà ñóìà ó (3.22) "âiäïîâiäà¹" çà ïåðøi n àðãóìåíòiâ ˜f (n)g(m) ,

äðóãà � çà îñòàííi m ). Çàðàç äëÿ êîæíîãî sj ç (3.21) àáî iñíó¹ s′i = sj

( l′i = lj ), àáî iñíó¹ s′′i = sj ( l′′i = lj ), àáî iñíóþòü s′i òà s′′w òàêi, ùî

s′i + s′′w = sj ( l′i = l′′w = lj ). Íåðiâíîñòi äëÿ l′·, l
′′
· ó (3.22) âèïëèâàþòü

ç íåðiâíîñòåé l1 > · · · > lk òà âïîðÿäêîâàíîñòi iíäåêñiâ àðãóìåíòiâ ó

(3.19), i ó (1.7) (áiëüø "äîâãi" êîðòåæi ìàþòü ìåíøi iíäåêñè àðãóìåíòiâ).

Çàìiíèìî êîæíó ãðóïó ðiâíèõ ìiæ ñîáîþ äîäàíêiâ ó (3.20) îäíèì

ïðåäñòàâíèêîì, ïîìíîæåíèì íà êiëüêiñòü äîäàíêiâ ó ãðóïi. Òàêîæ, îñêiëü-

êè ìiðà Ëåáåãà ¹ íåàòîìàðíîþ, òî â öié ñóìi ˜f (n)g(m) ìîæíà çàìiíèòè
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íà ḟ (n)ġ(m) (ó äîäàíêàõ, ùî çàëèøèëèñü, åëåìåíòè êîæíîãî êîðòåæó

çíàõîäÿòüñÿ ïî îäèí i òîé ñàìèé áiê âiä ';'). Òåïåð, áåðó÷è äî óâàãè, ùî

ws′+s′′ = ws′ws′′ , ìîæíà ïåðåïèñàòè ïðàâó ÷àñòèíó (3.20) ó âèãëÿäi

∑
l′1s
′
1+···+l

′
k′
s′
k′

=n, l′′1 s
′′
1+···+l

′′
k′′
s′′
k′′

=m,

k′,k′′,l′1,...,l
′
k′
,s′1,...,s

′
k′
,l′′1 ,...,l

′′
k′′
,s′′1 ,...,s

′′
k′′
∈N,

l′1>···>l
′
k′
, l′′1>···>l

′′
k′′

n!m!(n+m)

s′1! . . . s
′
k′!s
′′
1! . . . s′′k′′!

×

×
(‖pl′1‖ν

l′1!

)2s′1

. . .

(
‖pl′

k′
‖ν

l′k′!

)2s′
k′ (‖pl′′1‖ν

l′′1 !

)2s′′1

. . .

(
‖pl′′

k′′
‖ν

l′′k′′!

)2s′′
k′′

×

×
∫
R
s′1+···+s

′
k′

+s′′1+···+s
′′
k′′

+

ḟ (n)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

)×

×ġ(m)(un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

)×

×( ̂λ⊗n+m−1g)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

,

un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

)×

×du1 . . . dus′1+···+s′
k′
dun+1 . . . dun+s′′1+···+s′′

k′′
.

(3.23)

Ñèìåòðèçàöiÿ ôóíêöi¨ ˜λ⊗n+m−1g ìà¹ âèãëÿä:

̂λ⊗n+m−1g(u1, u2, . . . , un, un+1, . . . , un+m−1, un+m) =

=
1

(n+m)!

∑
π∈Sn+m

˜λ⊗n+m−1g(uπ(1), . . . , uπ(n+m)),
(3.24)

äå Sn+m � ìíîæèíà âñiõ ïåðåñòàíîâîê ÷èñåë 1, . . . , n + m . Âðàõó¹-

ìî, ùî ˜λ⊗n+m−1g ¹ ñèìåòðè÷íîþ çà ïåðøèìè n+m− 1 àðãóìåíòàìè.
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Ðîçãëÿíåìî âñi äîäàíêè, ó ÿêèõ îñòàííié àðãóìåíò u1 (çðîçóìiëî, ùî ¹

(n+m− 1)! òàêèõ äîäàíêiâ, áî óòâîðþþòüñÿ âîíè çà ðàõóíîê äîâiëüíèõ

ïåðåñòàíîâîê n+m−1 àðãóìåíòiâ u2, . . . , un+m ). Áåðó÷è äî óâàãè ñè-

ìåòðè÷íiñòü λ⊗n+m−1 , ìîæíà çðîáèòè âèñíîâîê, ùî âñi öi äîäàíêè ðiâíi

ìiæ ñîáîþ. Îòæå, ìîæíà çàìiíèòè ¨õ íà (n + m − 1)! ïîìíîæèòè íà

îäíîãî áóäü-ÿêîãî ïðåäñòàâíèêà. Àíàëîãi÷íî ãðóïó¹ìî äîäàíêè, ó ÿêèõ

îñòàííié àðãóìåíò u2, . . . , un+m . Ïiäñòàâëÿþ÷è âñå öå ó âèõiäíó ñóìó,

îòðèìà¹ìî

̂λ⊗n+m−1g(u1, u2, . . . , un, un+1, . . . , un+m−1, un+m) =

=
(n+m− 1)!

(n+m)!
×
[
( ˜λ⊗n+m−1g)(u1, . . . , un+m)+

+( ˜λ⊗n+m−1g)(un+m, u1, . . . , un+m−1) + . . .+ ( ˜λ⊗n+m−1g)(u2, . . . , un+m, u1)
]

=

=
1

(n+m)
×
[
( ˜λ⊗n+m−1g)(u1, . . . , un+m)+

+( ˜λ⊗n+m−1g)(un+m, u1, . . . , un+m−1) + . . .+ ( ˜λ⊗n+m−1g)(u2, . . . , un+m, u1)
]
.

(3.25)

Äàëi, ïiäñòàâëÿþ÷è (3.25) â (3.23), îòðèìà¹ìî

∑
l′1s
′
1+···+l

′
k′
s′
k′

=n, l′′1 s
′′
1+···+l

′′
k′′
s′′
k′′

=m,

k′,k′′,l′1,...,l
′
k′
,s′1,...,s

′
k′
,l′′1 ,...,l

′′
k′′
,s′′1 ,...,s

′′
k′′
∈N,

l′1>···>l
′
k′
, l′′1>···>l

′′
k′′

n!m!

s′1! . . . s
′
k′!s
′′
1! . . . s′′k′′!

×

×
(‖pl′1‖ν

l′1!

)2s′1

. . .

(
‖pl′

k′
‖ν

l′k′!

)2s′
k′ (‖pl′′1‖ν

l′′1 !

)2s′′1

. . .

(
‖pl′′

k′′
‖ν

l′′k′′!

)2s′′
k′′

×

×
∫
R
s′1+···+s

′
k′

+s′′1+···+s
′′
k′′

+

ḟ (n)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

)×
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ġ(m)(un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

)×

×[( ˜λ⊗n+m−1g)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

,

un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

) + . . .]×

×du1 . . . dus′1+···+s′
k′
dun+1 . . . dun+s′′1+···+s′′

k′′
,

(3.26)

äå êîæíèé íàñòóïíèé äîäàíîê ó ñóìi [. . . ] ç n + m äîäàíêiâ îòðè-

ìó¹òüñÿ ç ïîïåðåäíüîãî "çñóâîì àðãóìåíòiâ" (·1, ·2, . . . , ·n+m−1, ·n+m)→

(·n+m, ·1, . . . , ·n+m−2, ·n+m−1) .

Ïðèéìàþ÷è äî óâàãè ñòðóêòóðó ˜λ⊗n+m−1g (çîêðåìà, ¨¨ ñèìåòðè-

÷íiñòü âiäíîñíî ïåðøèõ n + m − 1 àðãóìåíòiâ) òà íåàòîìàðíiñòü ìiðè

Ëåáåãà, ïðîäîâæèìî (3.26) íàñòóïíèì ÷èíîì

(n+m)(F (n) �G(m), g � λ⊗n+m−1)ext = (n+m)( ̂f (n)g(m), ̂λ⊗n+m−1g)ext =

=
∑

l′1s
′
1+···+l

′
k′
s′
k′

=n, l′′1 s
′′
1+···+l

′′
k′′
s′′
k′′

=m,

k′,k′′,l′1,...,l
′
k′
,s′1,...,s

′
k′
,l′′1 ,...,l

′′
k′′
,s′′1 ,...,s

′′
k′′
∈N,

l′1>···>l
′
k′
, l′′1>···>l

′′
k′′

n!m!

s′1! . . . s
′
k′!s
′′
1! . . . s′′k′′!

×

×
(‖pl′1‖ν

l′1!

)2s′1

. . .

(
‖pl′

k′
‖ν

l′k′!

)2s′
k′ (‖pl′′1‖ν

l′′1 !

)2s′′1

. . .

(
‖pl′′

k′′
‖ν

l′′k′′!

)2s′′
k′′

×

×
∫
R
s′1+···+s

′
k′

+s′′1+···+s
′′
k′′

+

ḟ (n)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

)×

×ġ(m)(un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

)×
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×[λl
′
1(u1) · . . . · λl

′
k′(us′1+···+s′

k′
)×

×((λ̃⊗m−1g)(un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

) + . . .)]×

×du1 . . . dus′1+···+s′
k′
dun+1 . . . dun+s′′1+···+s′′

k′′
+

+
∑

l′1s
′
1+···+l

′
k′
s′
k′

=n, l′′1 s
′′
1+···+l

′′
k′′
s′′
k′′

=m,

k′,k′′,l′1,...,l
′
k′
,s′1,...,s

′
k′
,l′′1 ,...,l

′′
k′′
,s′′1 ,...,s

′′
k′′
∈N,

l′1>···>l
′
k′
, l′′1>···>l

′′
k′′

n!m!

s′1! . . . s
′
k′!s
′′
1! . . . s′′k′′!

×

×
(‖pl′1‖ν

l′1!

)2s′1

. . .

(
‖pl′

k′
‖ν

l′k′!

)2s′
k′ (‖pl′′1‖ν

l′′1 !

)2s′′1

. . .

(
‖pl′′

k′′
‖ν

l′′k′′!

)2s′′
k′′

×

×
∫
R
s′1+···+s

′
k′

+s′′1+···+s
′′
k′′

+

ḟ (n)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

)×

×ġ(m)(un+1, . . . , un+1︸ ︷︷ ︸
l′′1

, . . . , un+s′′1+···+s′′
k′′
, . . . , un+s′′1+···+s′′

k′′︸ ︷︷ ︸
l′′
k′′

)×

(3.27)

×[((λ̃⊗n−1g)(u1, . . . , u1︸ ︷︷ ︸
l′1

, . . . , us′1+···+s′
k′
, . . . , us′1+···+s′

k′︸ ︷︷ ︸
l′
k′

) + . . .)×

×λl′′1 (un+1) · . . . · λl
′′
k′′(un+s′′1+···+s′′

k′′
)]×

×du1 . . . dus′1+···+s′
k′
dun+1 . . . dun+s′′1+···+s′′

k′′
= m(ḟ (n), λ⊗n)ext(ġ

(m), λ̂⊗m−1g)ext+

+n(ḟ (n), λ̂⊗n−1g)ext(ġ
(m), λ⊗m)ext = m(F (n), λ⊗n)ext(G

(m), g � λ⊗m−1)ext+

+n(F (n), g � λ⊗n−1)ext(G
(m), λ⊗m)ext,

òóò âèêîðèñòàíi ïðåäñòàâëåííÿ (3.25) äëÿ λ̂⊗m−1g òà λ̂⊗n−1g . Îòæå,

(3.18), à òîìó i (3.16), äîâåäåíå.

Íàñëiäîê 3.1. Íåõàé F ∈ (L2)−β, g ∈ H(1)
ext = HC òà h : C → C ãîëî-
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ìîðôíà ó (SF )(0) ôóíêöiÿ. Òîäi

(Dh♦(F ))(g) = h′♦(F )♦(DF )(g) ∈ (L2)−1, (3.28)

äå h′♦ � âiêiâñüêà âåðñiÿ çâè÷àéíî¨ ïîõiäíî¨ ôóíêöi¨ h .

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, ùî äëÿ

äîâiëüíîãî m ∈ Z+

D(F − F (0))♦m = m(F − F (0))♦m−1♦DF. (3.29)

Ñïðàâäi, ó âèïàäêó m = 0 âiäïîâiäíà ðiâíiñòü, çðîçóìiëî, ¹ iñòèíîþ (íà-

ãàäà¹ìî, ùî (F − F (0))♦0 = 1 çà âèçíà÷åííÿì, òà äëÿ G ∈ C ⊂ (L2)−1

DG = 0 ). Íåõàé ðiâíiñòü (3.29) ¹ iñòèííîþ äëÿ m ≤ k, k ∈ Z+ . Çîêðåìà,

D(F − F (0))♦k = k(F − F (0))♦k−1♦DF. (3.30)

Äîâåäåìî, ùî

D(F − F (0))♦k+1 = (k + 1)(F − F (0))♦k♦DF. (3.31)

Êîðèñòóþ÷èñü (3.15), îòðèìà¹ìî

D(F − F (0))♦k+1 = D((F − F (0))♦k♦(F − F (0))) =

= D(F − F (0))♦k♦(F − F (0)) + (F − F (0))♦k♦D(F − F (0)).

(3.32)

Ïiäñòàâëÿþ÷è âèðàç äëÿ D(F − F (0))♦k ç ôîðìóëè (3.30), ïðîäîâæèìî

âèêëàäêó (3.32) òàêèì ÷èíîì
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D(F − F (0))♦k+1 = k(F − F (0))♦k−1♦DF♦(F − F (0))+

+(F − F (0))♦k♦D(F − F (0)) = k(F − F (0))♦k♦DF + (F − F (0))♦k♦DF =

= (k + 1)(F − F (0))♦k♦DF.

Ðiâíiñòü (3.31) äîâåäåíî. Îòæå, i äëÿ äîâiëüíîãî m ∈ Z+ (3.29) ¹ iñòèí-

íèì.

Ðîçãëÿíåìî ðîçêëàä (3.4) äëÿ h♦(F ) . Íåõàé

h♦N(F ) :=
N∑
m=0

hm(F − (SF )(0))♦m

¹ N -òîþ ÷àñòêîâîþ ñóìîþ öüîãî ðÿäó. Ç ëiíiéíîñòi D , éîãî âëàñòèâî-

ñòi (3.29), òà òåîðåì 3.2 i 3.1 âèïëèâà¹

(
Dh♦N(F )

)
(g) =

N∑
m=1

hm

(
D
(
F − (SF )(0)

)♦m)
(g) =

=
N∑
m=1

hmm
(
F − (SF )(0)

)♦m−1
♦(DF )(g) →

N→∞
h′♦(F )♦(DF )(g)

(3.33)

â (L2)−1 , äå h′♦ � âiêiâñüêà âåðñiÿ çâè÷àéíî¨ ïîõiäíî¨ ôóíêöi¨ h . Ç

iíøîãî áîêó, îñêiëüêè (D◦)(g) ¹ íåïåðåðâíèì îïåðàòîðîì íà (L2)−1 ,

(
Dh♦N(F )

)
(g) →

N→∞

(
Dh♦(F )

)
(g)

â (L2)−1 . Îòæå, ðiâíiñòü (3.28) ¹ iñòèííîþ.
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3.3. Âçà¹ìîçâ'ÿçîê ìiæ âiêiâñüêèì ÷èñëåííÿì òà ñòî-

õàñòè÷íèì iíòåãðóâàííÿì

3.3.1. Âiêiâñüêå ìíîæåííÿ ïiä çíàêîì ñòîõàñòè÷íîãî iíòåãðàëà

Äîáðå âiäîìî, ùî äåÿêi âëàñòèâîñòi ðîçøèðåíîãî ñòîõàñòè÷íîãî ií-

òåãðàëà çíà÷íî âiäðiçíÿþòüñÿ âiä âëàñòèâîñòåé iíòåãðàëà Ëåáåãà. Çîêðå-

ìà, äëÿ G ∈ (L2)−β i g ∈ HC

∫
R+

Gg(u)d̂Lu 6= G

∫
R+

g(u)d̂Lu,

âçàãàëi êàæó÷è (âèðàç ó ïðàâié ÷àñòèíi öi¹¨ íåðiâíîñòi ìîæå íàâiòü íå

ìàòè ñåíñó), íåçâàæàþ÷è íà òå, ùî G íå çàëåæèòü âiä u (âiäïîâiäíà

íåðiâíiñòü ñïðàâåäëèâà, íàâiòü, ó êëàñè÷íîìó ãàóññiâñüêîìó àíàëiçi). Òèì

íå ìåíøå, ÿêùî ìè áóäåìî âèêîðèñòîâóâàòè âiêiâñüêå ìíîæåííÿ çàìiñòü

ïîòî÷êîâîãî, ìîæíà âèíåñòè ìíîæíèê ç-ïiä çíàêó ñòîõàñòè÷íîãî iíòåãðà-

ëà (çíîâ òàêè, öåé ôàêò äîáðå âiäîìèé ó ãàóññiâñüêîìó àíàëiçi). Çàðàç

ìè ïîÿñíèìî öå äåòàëüíî.

Îçíà÷åííÿ 3.3. Íåõàé F ∈ (L2)−β , G ∈ (L2)−β ⊗HC . Âèçíà÷èìî âi-

êiâñüêèé äîáóòîê F♦G ∈ (L2)−β ⊗HC , ïîêëàâøè

F♦G(·) :=
∞∑
m=0

:〈◦⊗m,
m∑
k=0

F (k)�G(m−k)
· 〉 :, (3.34)

äå F (k) ∈ H(k)
ext i G

(m−k)
· ∈ H(m−k)

ext ⊗HC ÿäðà ç ðîçêëàäiâ (1.5) i (1.13)

äëÿ F i G âiäïîâiäíî (ïîðiâíþþ÷è ç (3.7)).

Íàãàäà¹ìî, ùî äîáóòîê � ¹ àíàëîãîì ñèìåòðè÷íîãî òåíçîðíîãî

äîáóòêó íà ïðîñòîðàõ H(n)
ext⊗HC (äåòàëüíiøå äèâ. ëåìó 2.2 òà ïiäãîòîâêó

ïåðåä äàíîþ ëåìîþ).
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Âèêîðèñòîâóþ÷è îöiíêó (2.27), çà àíàëîãi¹þ ç [45], ìîæíà äîâåñòè,

ùî öå âèçíà÷åííÿ ¹ êîðåêòíèì, à âiêiâñüêå ìíîæåííÿ ♦ íåïåðåðâíå

â òîìó ñåíñi, ùî äëÿ áóäü-ÿêèõ q, q′ ∈ Z+ , òàêèõ, ùî F ∈ (L2)−β−q′ ,

G ∈ (L2)−β−q′ ⊗HC i q > q′ + 2− β

‖F♦G‖(L2)−β−q⊗HC
≤ ‖F‖(L2)−β−q′

‖G‖(L2)−β−q′⊗HC
.

Çàóâàæåííÿ 3.1. Íåõàé F,G ∈ (L2)−β , g ∈ HC . Âèêîðèñòîâóþ÷è

(3.34), (3.7) i (2.30), ìîæíà ïîêàçàòè, ùî

F♦
(
G⊗ g(·)

)
=
(
F♦G

)
⊗ g(·) ∈ (L2)−β ⊗HC. (3.35)

Òåîðåìà 3.7. Íåõàé ∆ ∈ B(R+) , F ∈ (L2)−β i G ∈ (L2)−β⊗HC . Òîäi

∫
∆

F♦G(u)d̂Lu ≡
∫
∆

(
F♦G

)
(u)d̂Lu = F♦

∫
∆

G(u)d̂Lu ∈ (L2)−β. (3.36)

Çàóâàæåííÿ 3.2. Ìîæíà ðîçãëÿäàòè G ÿê ôóíêöiþ, ùî äi¹ ç R+ â

(L2)−β i, áåðó÷è äî óâàãè êîíñòðóêöiþ âiêiâñüêèõ äîáóòêiâ ♦ òà ♦ ,

ïåðåïèñàòè ðiâíiñòü (3.36) â "êëàñè÷íié" ôîðìi

∫
∆

F♦G(u)d̂Lu = F♦
∫
∆

G(u)d̂Lu.

Äîâåäåííÿ. Áåç âòðàòè çàãàëüíîñòi ìîæíà ïîêëàñòè ∆ = R+ (iíàêøå

ïîòðiáíî âçÿòè G(·)1∆(·) ∈ (L2)−β ⊗HC çàìiñòü G(·) ).

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê F = :〈◦⊗n, F (n)〉 : , G(·) = :〈◦⊗m, G(m)
· 〉 : ,

F (n) ∈ H(n)
ext , G(m) ∈ H(m)

ext ⊗HC , n,m ∈ Z+ . Âðàõîâóþ÷è (3.34), òåïåð

ìà¹ìî
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(
F♦G

)
(·) = :〈◦⊗n+m, F (n)�G(m)

· 〉 :,

òîìó,

∫
R+

(
F♦G

)
(u)d̂Lu = :〈◦⊗n+m+1,

̂
F (n)�G(m)

· 〉 :

(äèâ. (1.19)). Ç iíøîãî áîêó,

∫
R+

G(u)d̂Lu = = :〈◦⊗m+1, Ĝ(m)〉 :,

òîìó, çãiäíî ç (3.7)

F♦
∫
R+

G(u)d̂Lu = :〈◦⊗n+m+1, F (n) � Ĝ(m)〉 :.

Îòæå, ìè ïîâèííi ïîêàçàòè, ùî

̂
F (n)�G(m)

· = F (n) � Ĝ(m) (3.37)

â H(n+m+1)
ext . Íåõàé ḟ (n) ∈ F (n) i ġ

(m)
· ∈ G

(m)
· � ïðåäñòàâíèêè êëà-

ñiâ åêâiâàëåíòíîñòi F (n) i G
(m)
· âiäïîâiäíî. Ïîçíà÷èìî ÷åðåç Sn+m+1

ìíîæèíó âñiõ ïåðåñòàíîâîê ÷èñåë 1, . . . , n + m + 1 . Çðîçóìiëî, ùî ëiâà

÷àñòèíà (3.37), ïîðîäæåíà ôóíêöi¹þ

1

(n+m+ 1)!

∑
π∈Sn+m+1

ḟ (n)(uπ(1), . . . , uπ(n))ġ
(m)
uπ(n+m+1)

(uπ(n+1), . . . , uπ(n+m))×

×1{
uπ(l) 6=uπ(k),l∈{1,...,n},k∈{n+1,...,n+m}

}1{
uπ(n+m+1) 6=uπ(k),k∈{1,...,n+m}

},
â òîé ÷àñ ÿê ïðàâà ÷àñòèíà ïîðîäæåíà

1

(n+m+ 1)!

∑
π∈Sn+m+1

ḟ (n)(uπ(1), . . . , uπ(n))ġ
(m)
uπ(n+m+1)

(uπ(n+1), . . . , uπ(n+m))×

×1{
uπ(n+m+1) 6=uπ(k),k∈{n+1,...,n+m}

}1{
uπ(l) 6=uπ(k),l∈{1,...,n},k∈{n+1,...,n+m+1}

}.
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Îñêiëüêè, äëÿ êîæíîãî π ∈ Sn+m+1

1{
uπ(l) 6=uπ(k),l∈{1,...,n},k∈{n+1,...,n+m}

}1{
uπ(n+m+1) 6=uπ(k),k∈{1,...,n+m}

} =

= 1{
uπ(n+m+1) 6=uπ(k),k∈{n+1,...,n+m}

}1{
uπ(l) 6=uπ(k),l∈{1,...,n},k∈{n+1,...,n+m+1}

},
ðiâíiñòü (3.37) ïðàâèëüíà, îòæå, ó íàøîìó ñïåöiàëüíîìó âèïàäêó, òâåð-

äæåííÿ òåîðåìè äîâåäåíî. Ó çàãàëüíîìó âèïàäêó ðiâíiñòü (3.36) âèïëèâà¹

iç ùîéíî îòðèìàíîãî ðåçóëüòàòó, íåïåðåðâíîñòi âiêiâñüêèõ äîáóòêiâ ♦ i

♦ , i íåïåðåðâíîñòi îïåðàòîðà ñòîõàñòè÷íîãî iíòåãðóâàííÿ∫
∆

◦(u)d̂Lu : (L2)−β ⊗HC → (L2)−β.

Çàóâàæåííÿ 3.3. Ðîçãëÿíåìî àíàëîã âëàñòèâîñòi (3.36) äëÿ, òàê çâà-

íîãî, iíòåãðàëà Ïåòòiñà (ñëàáêîãî iíòåãðàëà). Ïîçíà÷èìî ρ � ìiðà

Ëåáåãà íà B(R+) . Íåõàé ∆ ∈ B(R+) òàêà, ùî ρ(∆) < ∞ . Äëÿ äî-

âiëüíîãî G ∈ (L2)−β ⊗HC iíòåãðàë Ïåòòiñà
∫
∆

G(u)du âèçíà÷à¹òüñÿ

ÿê ¹äèíèé åëåìåíò (L2)−β òàêèé, ùî äëÿ âñiõ f ∈ (L2)β

〈〈
∫
∆

G(u)du, f〉〉(L2) = 〈〈G(·), f ⊗ 1∆(·)〉〉(L2)⊗HC.

Îñêiëüêè, ç óçàãàëüíåíî¨ íåðiâíîñòi Êîøi-Áóíÿêîâñüêîãî, äëÿ êîæíîãî

q ∈ Z+

|〈〈G(·), f ⊗ 1∆(·)〉〉(L2)⊗HC| ≤ ‖G‖(L2)−β−q⊗HC
‖f‖(L2)βq

√
ρ(∆),

öå âèçíà÷åííÿ êîðåêòíå i iíòåãðàë Ïåòòiñà∫
∆

◦(u)du : (L2)−β ⊗HC → (L2)−β (3.38)

¹ ëiíiéíèì íåïåðåðâíèì îïåðàòîðîì. Âèêîðèñòîâóþ÷è öåé ôàêò, íåïå-

ðåðâíiñòü âiêiâñüêèõ äîáóòêiâ ♦ òà ♦ , i (3.35), ìîæíà ïîêàçàòè,
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ùî äëÿ áóäü-ÿêîãî F ∈ (L2)−β∫
∆

F♦G(u)du ≡
∫
∆

(
F♦G

)
(u)du = F♦

∫
∆

G(u)du. (3.39)

3.3.2. Ïðåäñòàâëåííÿ ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà ÷å-

ðåç iíòåãðàë Ïåòòiñà

Âiäîìî, ùî â ãàóññiâñüêîìó àíàëiçi áiëîãî øóìó ðîçøèðåíèé ñòî-

õàñòè÷íèé iíòåãðàë íà ïðîñòîðàõ Õiäè i Êîíäðàòü¹âà íåðåãóëÿðíèõ óçà-

ãàëüíåíèõ ôóíêöié ìîæå áóòè ïðåäñòàâëåíèé ÿê iíòåãðàë Ïåòòiñà:∫
∆

F (u)d̂Wu =

∫
∆

F (u)♦Ẇudu. (3.40)

Òóò W � ïðîöåñ Âiíåðà, Ẇ � éîãî ïîõiäíà â ñåíñi óçàãàëüíåíèõ

ôóíêöié (ãàóññiâñüêèé áiëèé øóì), ♦ ïîçíà÷à¹ âiêiâñüêå ìíîæåííÿ,

∆ ∈ B(R+) . Ïðåäñòàâëåííÿ (3.40) äóæå çðó÷íå, çîêðåìà, äëÿ âèâ÷åí-

íÿ ñòîõàñòè÷íèõ ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó. Çàóâàæèìî,

ùî ôîðìàëüíî ðiâíiñòü (3.40) ñïðàâåäëèâà íà ïðîñòîðàõ Êîíäðàòü¹âà

ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié (áiëèé øóì íå íàëåæèòü öèì ïðîñòî-

ðàì).

Â àíàëiçi áiëîãî øóìó Ëåâi ñèòóàöiÿ äóæå ñõîæà: àíàëîã ïðåäñòàâ-

ëåííÿ (3.40) ìà¹ ìiñöå ÿê ôîðìàëüíà ðiâíiñòü íà ïðîñòîðàõ ðåãóëÿðíèõ

óçàãàëüíåíèõ ôóíêöié (öå áóäå äîêëàäíî ïîÿñíåíî íèæ÷å).

Â ïiäðîçäiëi 1.2 ïîêàçàíî, ùî ïðîöåñ Ëåâi ìîæíà ïðåäñòàâèòè

ÿê Lu = 〈◦, 1[0,u)〉 ∈ (L2) , u ∈ R+ . Òîìó ïîõiäíà âiä Lu (áiëèé

øóì Ëåâi) ìà¹ âèãëÿä L̇u = 〈◦, δu〉 , äå δu � äåëüòà-ôóíêöiÿ Äiðàêà,

ñêîíöåíòðîâàíà â u . Çâè÷àéíî, öå ïðåäñòàâëåííÿ ôîðìàëüíå (îñêiëüêè

δu 6∈ HC = H(1)
ext , 〈◦, δu〉 íå ìîæå áóòè åëåìåíòîì ç (L2) , àáî, íà-

âiòü, ç (L2)−1 ), òèì íå ìåíøå, âîíî ïðèäàòíå äëÿ íàøî¨ ìåòè. Íåõàé

F ∈ (L2)−β ⊗ HC . Âèêîðèñòîâóþ÷è ðîçêëàä (1.13) äëÿ F i ðiâíiñòü
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(3.7), ç G = 〈◦, δu〉 = :〈◦, δu〉 : , ìè, ôîðìàëüíî, îòðèìà¹ìî∫
R+

F (u)♦L̇udu =

∫
R+

F (u)♦:〈◦, δu〉 :du =
∞∑
n=0

∫
R+

:〈◦⊗n, F (n)
u 〉 :♦:〈◦, δu〉 :du =

=
∞∑
n=0

∫
R+

:〈◦⊗n+1, F (n)
u � δu〉 :du =

∞∑
n=0

:〈◦⊗n+1,

∫
R+

F (n)
u � δudu〉 :.

(3.41)

Îñêiëüêè (çíîâ ôîðìàëüíî)

F (n)
u (u1, . . . , un) � δu(s) =

1

n+ 1

{
F (n)
u (u1, . . . , un)δu(s)1{

s6=u1,...,s6=un
}+

+F (n)
u (u2, . . . , un, s)δu(u1)1{

u1 6=u2,...,u1 6=un,u1 6=s
} + · · ·+

+F (n)
u (s, u1, . . . , un−1)δu(un)1{

un 6=s,un 6=u1...,un 6=un−1
}}

(ïîðiâíþþ÷è ç (3.25)), i òîìó∫
R+

F (n)
u (u1, . . . , un) � δu(s)du =

=
1

n+ 1

{(∫
R+

F (n)
u (u1, . . . , un)δu(s)du

)
1{

s6=u1,...,s6=un
}+

+
(∫
R+

F (n)
u (u2, . . . , un, s)δu(u1)du

)
1{

u1 6=u2,...,u1 6=un,u1 6=s
} + · · ·+

+
(∫
R+

F (n)
u (s, u1, . . . , un−1)δu(un)du

)
1{

un 6=s,un 6=u1...,un 6=un−1
}} =

=
1

n+ 1

{
F (n)
s (u1, . . . , un)1{

s6=u1,...,s6=un
}+

+F (n)
u1

(u2, . . . , un, s)1{
u1 6=u2,...,u1 6=un,u1 6=s

} + · · ·+

+F (n)
un

(s, u1, . . . , un−1)1{
un 6=s,un 6=u1...,un 6=un−1

}} = F̂ (n)(u1, . . . , un, s),

ìè ìîæåìî ïðîäîâæèòè (3.41) òàêèì ÷èíîì:

∫
R+

F (u)♦L̇udu =
∞∑
n=0

:〈◦⊗n+1, F̂ (n)〉 : =

∫
R+

F (u)d̂Lu (3.42)
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(äèâ. (1.19)). Ôîðìàëüíà ðiâíiñòü (3.42) ñïðàâåäëèâà ÿêùî ðîçãëÿäàòè

iíòåãðàëè íà áóäü-ÿêèõ ∆ ∈ B(R+) çàìiñòü iíòåãðàëiâ íà R+ : ñïðàâ-

äi, äîñòàòíüî âèêîðèñòîâóâàòè â ïîïåðåäíiõ ïiäðàõóíêàõ F (·)1∆(·) ∈

(L2)−β ⊗HC çàìiñòü F . Îòæå, ìè îòðèìàëè íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.8. Äëÿ äîâiëüíèõ F ∈ (L2)−β ⊗HC i ∆ ∈ B(R+) ðîçøèðå-

íèé ñòîõàñòè÷íèé iíòåãðàë
∫
∆

F (u)d̂Lu ìîæíà, ôîðìàëüíî, ïðåäñòà-

âèòè ÿê

∫
∆

F (u)d̂Lu =

∫
∆

F (u)♦L̇udu ≡
∫

∆

F (u)♦〈◦, δu〉du, (3.43)

äå iíòåãðàë ó ïðàâié ÷àñòèíi ¹ ôîðìàëüíèì iíòåãðàëîì Ïåòòiñà.

Çàóâàæåííÿ 3.4. Ðiâíiñòü (3.43) (âiäïîâiäíî, (3.36), (3.39)) çàëèøà¹-

òüñÿ ñïðàâåäëèâîþ äëÿ ôóíêöi¨ F (âiäïîâiäíî, G ) òà âèìiðíî¨ ìíî-

æèíè ∆ , îïèñàíèõ ó çàóâàæåííi 1.1.

3.4. Ïðèêëàäè

ßê ïðèêëàäè çàñòîñóâàíü íàøèõ ðåçóëüòàòiâ, ðîçãëÿíåìî äåÿêi ñòî-

õàñòè÷íi ðiâíÿííÿ ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó.

Ïðèêëàä 3.1 (ëiíiéíå ðiâíÿííÿ). Ðîçãëÿíåìî iíòåãðàëüíå ñòîõàñòè-

÷íå ðiâíÿííÿ

Xt = X0 +

∫ t

0

F♦Xudu+

∫ t

0

G♦Xud̂Lu, (3.44)

äå X0, F,G ∈ (L2)−β ,
∫ t

0 F♦Xudu ∈ (L2)−1 � iíòåãðàë Ïåòòiñà. Çàñòîñó-

âàâøè äî öüîãî ðiâíÿííÿ S -ïåðåòâîðåííÿ (ç óðàõóâàííÿì (3.39), (3.36)
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i (3.43)) òà ðîçâ'ÿçàâøè îòðèìàíå íåñòîõàñòè÷íå ðiâíÿííÿ, ìàòèìåìî

SXt = SX0 · exp
{
SFt+ SG

∫ t

0

λ(u)du
}
.

Òåïåð äîñòàòíüî çàñòîñóâàòè îáåðíåíå S -ïåðåòâîðåííÿ, ùîá îòðèìàòè

ðîçâ'ÿçîê (3.44)

Xt = X0♦ exp♦
{
Ft+G♦Lt

}
∈ (L2)−1.

Äëÿ òîãî, ùîá ìàòè Xt ∈ (L2)−β , β ∈ [0, 1) , íåîáõiäíî íàêëàñòè äî-

äàòêîâi óìîâè. Íàïðèêëàä, íåõàé F i G "ïîëiíîìè" â òîìó ñåíñi, ùî

¨õ ðîçêëàä (1.5) ìiñòèòü òiëüêè ñêií÷åííó êiëüêiñòü íåíóëüîâèõ äîäàíêiâ.

Ïîêëàäåìî N := max[pow F, powG+1] , äå powH � ñòåïiíü "ïîëiíîìà"

H, ÿê i ó ïiäðîçäiëi 1.3. ßêùî iñíó¹ K > 0 , òàêå, ùî äëÿ äîâiëüíîãî

m ∈ N

mmN 1−β
2

m!
≤ Km, (3.45)

òî çà òåîðåìîþ 3.4. Xt ∈ (L2)−β . Çàóâàæèìî, ùî îöiíêè (3.45) âèêîíó-

þòüñÿ òîäi, i òiëüêè òîäi, êîëè N ≤ 2
1−β , öå äîâåäåíî â [45].

Ïðèêëàä 3.2 (ðiâíÿííÿ Âåðõóëüñòà). Ðîçãëÿíåìî iíòåãðàëüíå ñòî-

õàñòè÷íå ðiâíÿííÿ

Xt = X0 + r

∫ t

0

Xu♦(N −Xu)du+ v

∫ t

0

Xu♦(N −Xu)d̂Lu, (3.46)

äå X0 ∈ (L2)−1 , N, r, v ∈ R , N > 0 , r > 0 , (SX0)(0) > 0 . Òóò,

äëÿ êîæíîãî u ∈ R+ , ìè ðîçóìi¹ìî Xu ÿê óçàãàëüíåíó ôóíêöiþ, ç
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ðîçâ'ÿçêó (3.46) (äèâ. íèæ÷å) âèïëèâà¹, ùî Xu ∈ (L2)−1 i iíòåãðàë

Ïåòòiñà â (3.46) ¹ êîðåêòíî âèçíà÷åíèì. Çà àíàëîãi¹þ ç ïîïåðåäíiì ïðè-

êëàäîì, çàñòîñóâàâøè äî (3.46) S -ïåðåòâîðåííÿ (ç óðàõóâàííÿì (3.43)),

ðîçâ'ÿçàâøè îòðèìàíå íåñòîõàñòè÷íå iíòåãðàëüíå ðiâíÿííÿ, i, çàñòîñóâàâ-

øè îáåðíåíå S -ïåðåòâîðåííÿ, îòðèìà¹ìî ðîçâ'ÿçîê

Xt = N
[
1 + (NX

♦(−1)
0 − 1)♦ exp♦

{
−N(rt+ vLt)

}]♦(−1)

∈ (L2)−1,

äå Y ♦(−1) := S−1
(

1
SY

)
.

Âèñíîâêè äî ðîçäiëó 3

Ó òðåòüîìó ðîçäiëi, çà àíàëîãi¹þ iç ãàóññiâñüêèì àíàëiçîì áiëîãî

øóìó, ïîáóäîâàíî åëåìåíòè âiêiâñüêîãî ÷èñëåííÿ íà ïðîñòîðàõ ðåãóëÿð-

íèõ óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi. Çîêðåìà, íàâåäåíi

âèçíà÷åííÿ i âèâ÷åíi âëàñòèâîñòi âiêiâñüêîãî äîáóòêó (ïðèðîäíîãî àíà-

ëîãó ïîòî÷êîâîãî äîáóòêó) òà âiêiâñüêèõ âåðñié ãîëîìîðôíèõ ôóíêöié

(ïðèðîäíèõ àíàëîãiâ ãîëîìîðôíèõ ôóíêöié); âñòàíîâëåíî, ùî îïåðàòîð

ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ ïåðøîãî ïîðÿäêó ¹ äèôåðåíöiþâàííÿì

(çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíiöà) âiäíîñíî âiêiâñüêîãî ìíîæåííÿ; ïîêàçà-

íî, ùî ÿêùî âèêîðèñòîâóâàòè âiêiâñüêå ìíîæåííÿ çàìiñòü ïîòî÷êîâîãî, òî

ìîæíà âèíåñòè íåçàëåæíèé âiä ÷àñó ìíîæíèê ç-ïiä çíàêó ñòîõàñòè÷íîãî

iíòåãðàëà; ñôîðìóëüîâàíî òà äîâåäåíî òåîðåìó ïðî ïðåäñòàâëåííÿ ðîçøè-

ðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà ÷åðåç ôîðìàëüíèé iíòåãðàë Ïåòòiñà. Öi

ðåçóëüòàòè ¹ ïiä ðóíòÿì äëÿ ïîäàëüøî¨ ðîçáóäîâè âiêiâñüêîãî ÷èñëåííÿ,

i ìîæóòü çàñòîñîâóâàòèñü, çîêðåìà, äëÿ ðîçâ'ÿçàííÿ ñòîõàñòè÷íèõ iíòå-

ãðàëüíèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó

â àíàëiçi áiëîãî øóìó Ëåâi (ïðèêëàäè òàêèõ ðiâíÿíü íàâåäåíî ó îñòàí-

íüîìó ïàðàãðàôi ðîçäiëó). Âàðòî çàóâàæèòè, ùî, ÿê i ó ãàóññiâñüêîìó
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àíàëiçi, çãàäàíi ðiâíÿííÿ ìîæíà çàñòîñîâóâàòè äëÿ ìîäåëþâàííÿ ðiçíèõ

ôiçè÷íèõ ïðîöåñiâ.

Îñíîâíi ðåçóëüòàòè ðîçäiëó îïóáëiêîâàíi ó [26].
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ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ îïåðàòîðiâ ñòîõàñòè-

÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíå-

íèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi, òà ðîçðîáöi âiêiâñüêîãî ÷èñëåííÿ

íà çãàäàíèõ ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié.

Â äèñåðòàöi¨ çðîáëåíî îãëÿä ëiòåðàòóðè òà âiäîìèõ ðåçóëüòàòiâ çà

òåìàòèêîþ äèñåðòàöi¨; íàâåäåíå âèçíà÷åííÿ ìiðè áiëîãî øóìó Ëåâi òà

îïèñàíî ñóìiæíi ïîíÿòòÿ; îïèñàíå óçàãàëüíåííÿ âëàñòèâîñòi õàîòè÷íîãî

ðîçêëàäó, çàïðîïîíîâàíå �. Â. Ëèòâèíîâèì; âèçíà÷åíî ïàðàìåòðèçîâàíi

ïðîñòîðè òèïó Êîíäðàòü¹âà ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóí-

êöié òà íàâåäåíî ðîçêëàäè åëåìåíòiâ ç öèõ ïðîñòîðiâ çà ïðèðîäíèìè îð-

òîãîíàëüíèìè áàçèñàìè; îïèñàíî êîíñòðóêöi¨ ðîçøèðåíîãî ñòîõàñòè÷íîãî

iíòåãðàëà Ñêîðîõîäà òà ñòîõàñòè÷íî¨ ïîõiäíî¨ Õiäè.

Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ òàêi. Óâåäåíî i äå-

òàëüíî âèâ÷åíî îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåíöiþâàííÿ íà ïðîñòîðàõ

ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié àíàëiçó áiëîãî øóìó Ëåâi,

ïîáóäîâàíèõ ç âèêîðèñòàííÿì àíàëîãó âëàñòèâîñòi õàîòè÷íîãî ðîçêëà-

äó, çàïðîïîíîâàíîãî �. Â. Ëèòâèíîâèì. Îêðåìî ðîçãëÿíóòî âèïàäêè, ó

ÿêèõ çãàäàíi îïåðàòîðè ¹ îáìåæåíèìè òà íåîáìåæåíèìè. Òàê ñàìî, ÿê

i ó ãàóññiâñüêîìó àíàëiçi, ïîáóäîâàíi îïåðàòîðè ìîæíà âèêîðèñòîâóâàòè

äëÿ âèâ÷åííÿ äåÿêèõ âëàñòèâîñòåé ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà;

à òàêîæ äëÿ âèâ÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ iíòåãðàëü-

íèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó. Êðiì

òîãî, äîâåäåíî, ùî íà ïåðåòèíàõ ïðîñòîðiâ ðåãóëÿðíèõ òà íåðåãóëÿðíèõ

îñíîâíèõ ôóíêöié óâåäåíi â äèñåðòàöi¨ îïåðàòîðè ñòîõàñòè÷íîãî äèôåðåí-

öiþâàííÿ ñïiâïàäàþòü iç âiäïîâiäíèìè îïåðàòîðàìè íà ïðîñòîðàõ íåðåãó-

ëÿðíèõ îñíîâíèõ ôóíêöié. Öå äà¹, çîêðåìà, ìîæëèâiñòü âèêîðèñòîâóâàòè

ïåâíi ðåçóëüòàòè, ïîâ'ÿçàíi iç îïåðàòîðàìè ñòîõàñòè÷íîãî äèôåðåíöiþâà-
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ííÿ íà ïðîñòîðàõ íåðåãóëÿðíèõ îñíîâíèõ ôóíêöié, â àíàëiçi áiëîãî øóìó

Ëåâi íà ïðîñòîðàõ ðåãóëÿðíèõ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié. Äàëi,

çà àíàëîãi¹þ iç ãàóññiâñüêèì àíàëiçîì áiëîãî øóìó, ðîçáóäîâàíî åëåìåí-

òè âiêiâñüêîãî ÷èñëåííÿ íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié

àíàëiçó áiëîãî øóìó Ëåâi. Çîêðåìà, íàâåäåíi âèçíà÷åííÿ i âèâ÷åíi âëà-

ñòèâîñòi âiêiâñüêîãî äîáóòêó (ïðèðîäíîãî àíàëîãó ïîòî÷êîâîãî äîáóòêó)

òà âiêiâñüêèõ âåðñié ãîëîìîðôíèõ ôóíêöié (ïðèðîäíèõ àíàëîãiâ ãîëîìîð-

ôíèõ ôóíêöié); âñòàíîâëåíî, ùî îïåðàòîð ñòîõàñòè÷íîãî äèôåðåíöiþâàí-

íÿ ïåðøîãî ïîðÿäêó ¹ äèôåðåíöiþâàííÿì (çàäîâîëüíÿ¹ ïðàâèëî Ëåéáíi-

öà) âiäíîñíî âiêiâñüêîãî ìíîæåííÿ; ïîêàçàíî, ùî ÿêùî âèêîðèñòîâóâàòè

âiêiâñüêå ìíîæåííÿ çàìiñòü ïîòî÷êîâîãî, òî ìîæíà âèíåñòè íåçàëåæíèé

âiä ÷àñó ìíîæíèê ç-ïiä çíàêó ñòîõàñòè÷íîãî iíòåãðàëà; ñôîðìóëüîâàíî

òà äîâåäåíî òåîðåìó ïðî ïðåäñòàâëåííÿ ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòå-

ãðàëà ÷åðåç ôîðìàëüíèé iíòåãðàë Ïåòòiñà.

Îòðèìàíi ðåçóëüòàòè ¹ ïiä ðóíòÿì äëÿ ïîäàëüøî¨ ðîçáóäîâè àíàëiçó

áiëîãî øóìó Ëåâi, i ìîæóòü çàñòîñîâóâàòèñü, çîêðåìà, äëÿ äîñëiäæåííÿ

ñòîõàñòè÷íèõ iíòåãðàëüíèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíîñòÿ-

ìè âiêiâñüêîãî òèïó, âèâ÷åííÿ âëàñòèâîñòåé ðîçøèðåíèõ ñòîõàñòè÷íèõ

iíòåãðàëiâ íà ïðîñòîðàõ ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié, òîùî. Âàðòî

çàóâàæèòè, ùî, ÿê i ó ãàóññiâñüêîìó àíàëiçi, çãàäàíi ðiâíÿííÿ ç íåëiíié-

íîñòÿìè âiêiâñüêîãî òèïó ìîæíà çàñòîñîâóâàòè äëÿ ìîäåëþâàííÿ ðiçíèõ

ôiçè÷íèõ ïðîöåñiâ.

Äèñåðòàöiéíå äîñëiäæåííÿ ¹ âíåñêîì ó ïîäàëüøèé ðîçâèòîê àíàëiçó

áiëîãî øóìó Ëåâi.
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